Probabilistic Simulation of Quantum Circuits with the Transformer by Carrasquilla, Juan et al.
Probabilistic Simulation of Quantum Circuits with the Transformer
Juan Carrasquilla,1 Di Luo,2 Felipe Pe´rez,3 Ashley Milsted,4 Bryan K. Clark,2 Maksims Volkovs,3 and Leandro Aolita5
1Vector Institute, MaRS Centre, Toronto, Ontario, M5G 1M1, Canada
2Institute for Condensed Matter Theory and IQUIST and Department of Physics,
University of Illinois at Urbana-Champaign, IL 61801, USA
3Layer6 AI, MaRS Centre, Toronto, Ontario, M5G 1M1, Canada
4Perimeter Institute for Theoretical Physics, 31 Caroline Street North, Waterloo, ON N2L 2Y5, Canada
5Instituto de F´ısica, Universidade Federal do Rio de Janeiro,
Caixa Postal 68528, Rio de Janeiro, RJ 21941-972, Brazil
(Dated: December 25, 2019)
The fundamental question of how to best simulate quantum systems using conventional compu-
tational resources lies at the forefront of condensed matter and quantum computation. It impacts
both our understanding of quantum materials and our ability to emulate quantum circuits. Here we
present an exact formulation of quantum dynamics via factorized generalized measurements which
maps quantum states to probability distributions with the advantage that local unitary dynamics
and quantum channels map to local quasi-stochastic matrices. This representation provides a gen-
eral framework for using state-of-the-art probabilistic models in machine learning for the simulation
of quantum many-body dynamics. Using this framework, we have developed a practical algorithm
to simulate quantum circuits with the Transformer, a powerful ansatz responsible for the most re-
cent breakthroughs in natural language processing. We demonstrate our approach by simulating
circuits which build GHZ and linear graph states of up to 60 qubits, as well as a variational quantum
eigensolver circuit for preparing the ground state of the transverse field Ising model on six qubits.
Our methodology constitutes a modern machine learning approach to the simulation of quantum
physics with applicability both to quantum circuits as well as other quantum many-body systems.
In his celebrated keynote address at the California In-
stitute of Technology in May 1981, Feynman introduced
the idea of a computer that could act as a quantum
mechanical simulator,1 which has inspired the field of
quantum computing since its inception. In his keynote,
Feynman also intriguingly asked “can quantum systems
be probabilistically simulated by classical computer?”,
which he answered negatively observing that a proba-
bilistic simulation is unfeasible since the description of
both the quantum state and its evolution necessarily in-
volves non-positive quasi-probabilities.
These simple but powerful observations provide a
glimpse into the boundary of what behaviour can be
considered classical or quantum, since classical systems
are fully characterized by traditional probability distri-
butions evolving according to non-negative stochastic
matrices.2 From a computational viewpoint, these ob-
servations are also fundamentally linked to the notion
of quantum speed-up in quantum computing, where it
is anticipated that quantum computers will display po-
tential speed-ups over their classical counterparts at the
onset of negative values in the quasi-probabilities associ-
ated with the description and evolution of their quantum
states.3–5 This is in part due to the negative values in
the quasi-probability distributions precluding an efficient
simulation of quantum dynamics through Monte Carlo
techniques due to the debilitating sign problem induced
by the negative values.
Although the presence of negative quasi-probabilities
is often linked to intrinsically quantum phenomena with
no classical counterpart like entanglement and quantum
interference, a purely probabilistic representation of the
quantum state is possible.6–10 While in the standard for-
mulation of quantum mechanics a quantum state is rep-
resented by a density operator, a quantum state can
also be completely specified by the outcome probabil-
ity of a physical measurement, provided that the mea-
surement probes enough information about the quan-
tum state. This notion is made precise through two
fundamental concepts in quantum theory: the so-called
Born rule, which is the theoretical principle of quantum
physics linking quantum theory and experiment, and the
concept of informationally complete (IC) measurements,
which are described by positive-operator valued measures
(POVMs). Whereas POVMs describe the most general
type of measurements allowed by quantum theory going
beyond the notion of projective measurements,11 infor-
mational completeness means that the outcome statis-
tics of such a measurement specifies the quantum state
unambiguously.
Recently, neural probabilistic models (NPM) that
are commonly used in language modelling and transla-
tion have been used in the context of quantum state
reconstruction.9 Such a strategy resulted in an accu-
rate probabilistic representation of families of prototyp-
ical states in quantum information as well as complex
ground states of one- and two-dimensional local Hamil-
tonians describing large many-body systems relevant to
condensed matter, cold atomic systems, and quantum
simulators.9 Although an exact simulation of quantum
dynamics using probability remains, in general, unfeasi-
ble, it is natural to ask whether the power and scalability
of the neural probabilistic representation of the quantum
state in Ref. 9, can be harnessed in the classical simu-
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2lation of quantum systems, e.g. in challenging scenar-
ios like the study of real- and imaginary-time dynamics
of many-body systems, or in the classical simulation of
quantum circuits and quantum channels.
Inspired by Feynman’s notion of a probabilistic simula-
tion of quantum systems, we employ a probabilistic repre-
sentation of the quantum state and combine it with state-
of-the-art neural language modelling architectures to ap-
proximate the statistics of the measurement outcome of
states produced by quantum circuits. The near-term
availability of quantum computers with the potential to
perform computational tasks beyond the capabilities of
the most powerful classical computers12 has given rise
to a new generation of exact and approximate classical
simulation techniques13–19 for quantum circuits, includ-
ing a neural network approach.20 We test our ideas by
considering quantum circuits which prepare prototypical
states in quantum information. In particular we consider
the GHZ state, linear graph state, and the variational
ground state of the transverse field Ising model (TFIM).
Through numerical experiments, we show that our strat-
egy produces accurate results for the target states of up
to 60 qubits, which opens up a new probabilistic avenue
for simulation of quantum circuits, as well as quantum
channels and quantum dynamics more broadly.
Formalism: We focus on physical systems composed
of N qubits whose quantum state, traditionally repre-
sented by a density matrix ρ, will be uniquely specified
by the measurement statistics of an informationally com-
plete POVM (IC-POVM). To build an IC-POVM for N
qubits, we first consider an m-outcome single-qubit IC-
POVM defined by a collection M = {M (a)}a∈{1..m}, of
positive semi-definite operators M (a) ≥ 0, each one la-
beled by a measurement outcome a = 0, 1, ..,m − 1 [see
Fig.1(a) where we describe our representation through
the lens of tensor networks and its graphical notation.21]
Following Ref. 9, we construct N -qubit measurements as
tensor products of the single-qubit IC-POVM elements
M =
{
M (a1) ⊗ M (a2) ⊗ . . .M (aN )}
a1,...aN∈{1..m}N , as
graphically depicted in Fig.1(a). Due to the simplicity of
its implementation with currently available gate-based
quantum computers, in our numerical simulations we
consider the 4-Pauli IC-POVM measurement described
in Ref.9. Born’s rule predicts that the probability dis-
tribution P = {P (a)}a=(a1,a2,...,aN ) over measurement
outcomes a on a quantum state % is given by P (a) =
Tr
[
M (a) %
]
, as graphically explained in Fig.1(d). Note
that a quantum state is specified by mN probabilities.
Due to the factorized nature of the IC-POVM, a product
state
∏
i⊗|Ψi〉 takes the form of a product distribution
over statistically independent sets of variables P (a) =
P (a1)P (a2) · · ·P (aN ) where P (ai) = Tr[M (ai)|Ψi〉〈Ψi|].
Provided that the measurement is informationally com-
plete, the density matrix can be inferred from the statis-
tics of the measurement outcome as
% =
∑
a,a′
P (a′)T−1a,a′ M
(a), (1)
where T represents the overlap matrix given by Ta,a′ =
Tr
[
M (a)M (a
′)
]
. See Fig.1(d) for a graphical representa-
tion of elements in Eq.1.
To study quantum circuits, we first have to translate
the action of a quantum gate on the density matrix to
the IC-POVM representation. The former corresponds
to a unitary transformation, i.e. %U = U%U
†. If the ini-
tial quantum state is prescribed in terms of the outcome
statistics of an IC-POVM P , we can track its evolution
directly in the probabilistic representation:
PU (a
′′) = Tr
[
U%U†M (a
′′)
]
=
∑
a′
Oa′′a′P (a
′) (2)
where
Oa′′a′ =
∑
a
Tr
[
UM (a)U†M (a
′′)
]
T−1a,a′ (3)
is a somewhat stochastic matrix since the values in
each column add up to 1 but its entries can be pos-
itive or negative.7,8,22,23 Somewhat stochastic matrices
are also known as pseudo-stochastic or quasi-stochastic
matrices.7,8 We note that the evolution described in Eq. 2
leads to a formulation of quantum mechanics equivalent
to, e.g. Heisenberg’s matrix mechanics, including the de-
scription of open quantum systems, quantum channels,
and measurements of other POVMs (See Appendix).
Here we emphasize that Eq. 2 resembles the standard
rule for stochastic evolution commonly used to describe
the transitions in a Markov chain, where the traditional
stochastic (or Markov) matrix has been replaced with
a quasi-stochastic matrix. Despite the resemblance, a
generic classical Markov Chain Monte Carlo simulation of
quantum evolution in the probabilistic factorized POVM
language remains unfeasible due to the numerical sign
problem arising from the negative entries of the quasi-
stochastic matrix describing the process.
Due to the factorized nature of the IC-POVM, if a
unitary matrix or a quantum channel acts nontrivially on
only k qubits of the quantum system, the quasi-stochastic
matrix Oa′′a′ acts only on the measurement outcomes
of those k qubits too. For example, a two-qubit uni-
tary gate acting on qubits i and j is represented by a
m2 ×m2 quasi-stochastic matrix acting on outcomes ai
and aj . The relation between the local quasi-stochastic
matrices and the local unitary gates, as well as their
action on a quantum state are graphically depicted in
Fig.1(e-f) using tensor diagrams. Furthermore, the lo-
cality of Oa′′a′ implies that traditional quantum circuit
diagrams11 translate into probabilistic circuits that look
exactly the same as their traditional counterparts.
A quantum circuit is a generalization of the cir-
cuit model of classical computation where a prod-
uct state is evolved through a series of unitary gates,
U (1), U (2), · · · , U (r), each of which acts nontrivially on
a constant number k qubits. Thus, the quantum cir-
cuit in the IC-POVM representation becomes a compu-
tation where an initial probability distribution P (a) =
3=
=
=
a b c
d e
UϱU†
f
M (a) =M (a1) ⌦M (a2) ⌦M (a3)
<latexit sha1_base64="+ mdwq2qweyf29VrZByyANhULX28=">AAACNnicbZBNS8NAE IY3ftb6FfXoZbEI7aUkVdCLUPTipVDBfkBTy2azaZdusm F3I5SQX+XF3+GtFw+KePUnuGlzqK0Dy748M8PMvG7EqFSW NTXW1jc2t7YLO8Xdvf2DQ/PouC15LDBpYc646LpIEkZD0l JUMdKNBEGBy0jHHd9l+c4zEZLy8FFNItIP0DCkPsVIaTQ wG47LmScngf6SRvqUlBcBSivpTUNDNLArqcMVDYiEc1BbB heVdGCWrKo1C7gq7FyUQB7NgfnmeBzHAQkVZkjKnm1Fqp 8goShmJC06sSQRwmM0JD0tQ6TH9ZPZ2Sk818SDPhf6hQrO 6GJHggKZHaIrA6RGcjmXwf9yvVj51/2EhlGsSIjng/yYQc Vh5iH0qCBYsYkWCAuqd4V4hATCSjtd1CbYyyevinatalt V++GyVL/N7SiAU3AGysAGV6AO7kETtAAGL2AKPsCn8Wq8G 1/G97x0zch7TsCfMH5+AUWfrCE=</latexit><latexit sha1_base64="+ mdwq2qweyf29VrZByyANhULX28=">AAACNnicbZBNS8NAE IY3ftb6FfXoZbEI7aUkVdCLUPTipVDBfkBTy2azaZdusm F3I5SQX+XF3+GtFw+KePUnuGlzqK0Dy748M8PMvG7EqFSW NTXW1jc2t7YLO8Xdvf2DQ/PouC15LDBpYc646LpIEkZD0l JUMdKNBEGBy0jHHd9l+c4zEZLy8FFNItIP0DCkPsVIaTQ wG47LmScngf6SRvqUlBcBSivpTUNDNLArqcMVDYiEc1BbB heVdGCWrKo1C7gq7FyUQB7NgfnmeBzHAQkVZkjKnm1Fqp 8goShmJC06sSQRwmM0JD0tQ6TH9ZPZ2Sk818SDPhf6hQrO 6GJHggKZHaIrA6RGcjmXwf9yvVj51/2EhlGsSIjng/yYQc Vh5iH0qCBYsYkWCAuqd4V4hATCSjtd1CbYyyevinatalt V++GyVL/N7SiAU3AGysAGV6AO7kETtAAGL2AKPsCn8Wq8G 1/G97x0zch7TsCfMH5+AUWfrCE=</latexit><latexit sha1_base64="+ mdwq2qweyf29VrZByyANhULX28=">AAACNnicbZBNS8NAE IY3ftb6FfXoZbEI7aUkVdCLUPTipVDBfkBTy2azaZdusm F3I5SQX+XF3+GtFw+KePUnuGlzqK0Dy748M8PMvG7EqFSW NTXW1jc2t7YLO8Xdvf2DQ/PouC15LDBpYc646LpIEkZD0l JUMdKNBEGBy0jHHd9l+c4zEZLy8FFNItIP0DCkPsVIaTQ wG47LmScngf6SRvqUlBcBSivpTUNDNLArqcMVDYiEc1BbB heVdGCWrKo1C7gq7FyUQB7NgfnmeBzHAQkVZkjKnm1Fqp 8goShmJC06sSQRwmM0JD0tQ6TH9ZPZ2Sk818SDPhf6hQrO 6GJHggKZHaIrA6RGcjmXwf9yvVj51/2EhlGsSIjng/yYQc Vh5iH0qCBYsYkWCAuqd4V4hATCSjtd1CbYyyevinatalt V++GyVL/N7SiAU3AGysAGV6AO7kETtAAGL2AKPsCn8Wq8G 1/G97x0zch7TsCfMH5+AUWfrCE=</latexit><latexit sha1_base64="+ mdwq2qweyf29VrZByyANhULX28=">AAACNnicbZBNS8NAE IY3ftb6FfXoZbEI7aUkVdCLUPTipVDBfkBTy2azaZdusm F3I5SQX+XF3+GtFw+KePUnuGlzqK0Dy748M8PMvG7EqFSW NTXW1jc2t7YLO8Xdvf2DQ/PouC15LDBpYc646LpIEkZD0l JUMdKNBEGBy0jHHd9l+c4zEZLy8FFNItIP0DCkPsVIaTQ wG47LmScngf6SRvqUlBcBSivpTUNDNLArqcMVDYiEc1BbB heVdGCWrKo1C7gq7FyUQB7NgfnmeBzHAQkVZkjKnm1Fqp 8goShmJC06sSQRwmM0JD0tQ6TH9ZPZ2Sk818SDPhf6hQrO 6GJHggKZHaIrA6RGcjmXwf9yvVj51/2EhlGsSIjng/yYQc Vh5iH0qCBYsYkWCAuqd4V4hATCSjtd1CbYyyevinatalt V++GyVL/N7SiAU3AGysAGV6AO7kETtAAGL2AKPsCn8Wq8G 1/G97x0zch7TsCfMH5+AUWfrCE=</latexit>
P (a)
<latexit sha1_ba se64="apQ/vjqo4ETeVJdr69+0inw+Do Y=">AAAB+nicbVC7TsMwFL0pr1JeKYw sFhVSWaoEIcFYwcJYJPqQ2qhyHKe16ji R7YCq0E9hYQAhVr6Ejb/BaTNAy5EsH5 1zr3x8/IQzpR3n2yqtrW9sbpW3Kzu7e /sHdvWwo+JUEtomMY9lz8eKciZoWzPNa S+RFEc+p11/cpP73QcqFYvFvZ4m1Ivw SLCQEayNNLSrrfrAj3mgppG5Mjw7G9o1 p+HMgVaJW5AaFGgN7a9BEJM0okITjpX qu06ivQxLzQins8ogVTTBZIJHtG+owBF VXjaPPkOnRglQGEtzhEZz9fdGhiOVZz OTEdZjtezl4n9eP9XhlZcxkaSaCrJ4K Ew50jHKe0ABk5RoPjUEE8lMVkTGWGKiT VsVU4K7/OVV0jlvuE7DvbuoNa+LOspw DCdQBxcuoQm30II2EHiEZ3iFN+vJerHe rY/FaMkqdo7gD6zPHxiyk+I=</latex it><latexit sha1_ba se64="apQ/vjqo4ETeVJdr69+0inw+Do Y=">AAAB+nicbVC7TsMwFL0pr1JeKYw sFhVSWaoEIcFYwcJYJPqQ2qhyHKe16ji R7YCq0E9hYQAhVr6Ejb/BaTNAy5EsH5 1zr3x8/IQzpR3n2yqtrW9sbpW3Kzu7e /sHdvWwo+JUEtomMY9lz8eKciZoWzPNa S+RFEc+p11/cpP73QcqFYvFvZ4m1Ivw SLCQEayNNLSrrfrAj3mgppG5Mjw7G9o1 p+HMgVaJW5AaFGgN7a9BEJM0okITjpX qu06ivQxLzQins8ogVTTBZIJHtG+owBF VXjaPPkOnRglQGEtzhEZz9fdGhiOVZz OTEdZjtezl4n9eP9XhlZcxkaSaCrJ4K Ew50jHKe0ABk5RoPjUEE8lMVkTGWGKiT VsVU4K7/OVV0jlvuE7DvbuoNa+LOspw DCdQBxcuoQm30II2EHiEZ3iFN+vJerHe rY/FaMkqdo7gD6zPHxiyk+I=</latex it><latexit sha1_ba se64="apQ/vjqo4ETeVJdr69+0inw+Do Y=">AAAB+nicbVC7TsMwFL0pr1JeKYw sFhVSWaoEIcFYwcJYJPqQ2qhyHKe16ji R7YCq0E9hYQAhVr6Ejb/BaTNAy5EsH5 1zr3x8/IQzpR3n2yqtrW9sbpW3Kzu7e /sHdvWwo+JUEtomMY9lz8eKciZoWzPNa S+RFEc+p11/cpP73QcqFYvFvZ4m1Ivw SLCQEayNNLSrrfrAj3mgppG5Mjw7G9o1 p+HMgVaJW5AaFGgN7a9BEJM0okITjpX qu06ivQxLzQins8ogVTTBZIJHtG+owBF VXjaPPkOnRglQGEtzhEZz9fdGhiOVZz OTEdZjtezl4n9eP9XhlZcxkaSaCrJ4K Ew50jHKe0ABk5RoPjUEE8lMVkTGWGKiT VsVU4K7/OVV0jlvuE7DvbuoNa+LOspw DCdQBxcuoQm30II2EHiEZ3iFN+vJerHe rY/FaMkqdo7gD6zPHxiyk+I=</latex it><latexit sha1_ba se64="apQ/vjqo4ETeVJdr69+0inw+Do Y=">AAAB+nicbVC7TsMwFL0pr1JeKYw sFhVSWaoEIcFYwcJYJPqQ2qhyHKe16ji R7YCq0E9hYQAhVr6Ejb/BaTNAy5EsH5 1zr3x8/IQzpR3n2yqtrW9sbpW3Kzu7e /sHdvWwo+JUEtomMY9lz8eKciZoWzPNa S+RFEc+p11/cpP73QcqFYvFvZ4m1Ivw SLCQEayNNLSrrfrAj3mgppG5Mjw7G9o1 p+HMgVaJW5AaFGgN7a9BEJM0okITjpX qu06ivQxLzQins8ogVTTBZIJHtG+owBF VXjaPPkOnRglQGEtzhEZz9fdGhiOVZz OTEdZjtezl4n9eP9XhlZcxkaSaCrJ4K Ew50jHKe0ABk5RoPjUEE8lMVkTGWGKiT VsVU4K7/OVV0jlvuE7DvbuoNa+LOspw DCdQBxcuoQm30II2EHiEZ3iFN+vJerHe rY/FaMkqdo7gD6zPHxiyk+I=</latex it>
Tr
h
M (a) %
i
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<latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZ CO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUX Uz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Z07julpOBXN90Cdgu4O9g46E6ws=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFnC/Y B7VAy6Z02NpMZkjtCKf0Fblwo4t9y578xfSy09UDg45yE3HuiTElLvv/tFba2d3b3ivulg/Lh0XHlpNyyaW4ENkWqUtOJuEUlNTZJksJOZpAnkcJ2NL6b5+1nNFam+pEmGYYJH2oZS8HJWY2HfqXq1/yF2CYEK6jCSvV+5as3SEWeoCahuLXdwM8onHJDUiiclXq5 xYyLMR9i16HmCdpwuhh0xi6cM2BxatzRxBbu7xdTnlg7SSJ3M+E0suvZ3Pwv6+YU34RTqbOcUIvlR3GuGKVsvjUbSIOC1MQBF0a6WZkYccMFuW5KroRgfeVNaF3VAr8WNHwowhmcwyUEcA23cA91aIIAhBd4g3fvyXv1PpZ1FbxVb6fwR97nD5Uyi4A=</latexit ><latexit sha1_base64="Z07julpOBXN90Cdgu4O9g46E6ws=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFnC/Y B7VAy6Z02NpMZkjtCKf0Fblwo4t9y578xfSy09UDg45yE3HuiTElLvv/tFba2d3b3ivulg/Lh0XHlpNyyaW4ENkWqUtOJuEUlNTZJksJOZpAnkcJ2NL6b5+1nNFam+pEmGYYJH2oZS8HJWY2HfqXq1/yF2CYEK6jCSvV+5as3SEWeoCahuLXdwM8onHJDUiiclXq5 xYyLMR9i16HmCdpwuhh0xi6cM2BxatzRxBbu7xdTnlg7SSJ3M+E0suvZ3Pwv6+YU34RTqbOcUIvlR3GuGKVsvjUbSIOC1MQBF0a6WZkYccMFuW5KroRgfeVNaF3VAr8WNHwowhmcwyUEcA23cA91aIIAhBd4g3fvyXv1PpZ1FbxVb6fwR97nD5Uyi4A=</latexit ><latexit sha1_base64="+4LGwp8UvmKKaDKjz+np2NzJZkU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5sTBm0sTMB8wH JEfY2c8mavb1jd08IR36BjYUitv4kO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS835QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV +qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXdCv1mzyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AptWMz w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/ QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0 w==</latexit>
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<latexit sha1_base64="4T3C0uk0m1yrdmx9xljFpbHK2TY=">AAACnHicbVFdaxQxFM2MX3X92uqTCBJcZCu0y4wI9UUs6kNFihV2toX N7JLJ3NkNzXyQ3BGXkF/lP/HNf2N2uw922gshJ+ecm3tzkzVKGoyiv0F46/adu/d27vcePHz0+El/9+nE1K0WkIha1fo84waUrCBBiQrOGw28zBScZRef1/rZT9BG1tUYVw2kJV9UspCCo6fm/d/f55ZltcrNqvSb5W447JzdB2basmtzlO0zhF9ox9oxBQVOE3oys3tXbW8cTWaW5Xzh blCHQ68zLRdLTP1945k9iF230n63n3l/EI2iTdDrIN6CAdnG6bz/h+W1aEuoUChuzDSOGkwt1yiFAtdjrYGGiwu+gKmHFS/BpHYzXEdfeyanRa39qpBu2P8zLC/NujnvLDkuTVdbkzdp0xaL96mVVdMiVOKyUNEqijVd/xTNpQaBauUBF1r6XqlYcs0F+v/s+SHE3SdfB5O3ozgaxT/e DY4+bcexQ16QV2SPxOSQHJFjckoSIoLnwcfgOPgavgy/hN/Ck0trGGxznpErEU7+Abzxz94=</latexit><latexit sha1_base64="4T3C0uk0m1yrdmx9xljFpbHK2TY=">AAACnHicbVFdaxQxFM2MX3X92uqTCBJcZCu0y4wI9UUs6kNFihV2toX N7JLJ3NkNzXyQ3BGXkF/lP/HNf2N2uw922gshJ+ecm3tzkzVKGoyiv0F46/adu/d27vcePHz0+El/9+nE1K0WkIha1fo84waUrCBBiQrOGw28zBScZRef1/rZT9BG1tUYVw2kJV9UspCCo6fm/d/f55ZltcrNqvSb5W447JzdB2basmtzlO0zhF9ox9oxBQVOE3oys3tXbW8cTWaW5Xzh blCHQ68zLRdLTP1945k9iF230n63n3l/EI2iTdDrIN6CAdnG6bz/h+W1aEuoUChuzDSOGkwt1yiFAtdjrYGGiwu+gKmHFS/BpHYzXEdfeyanRa39qpBu2P8zLC/NujnvLDkuTVdbkzdp0xaL96mVVdMiVOKyUNEqijVd/xTNpQaBauUBF1r6XqlYcs0F+v/s+SHE3SdfB5O3ozgaxT/e DY4+bcexQ16QV2SPxOSQHJFjckoSIoLnwcfgOPgavgy/hN/Ck0trGGxznpErEU7+Abzxz94=</latexit><latexit sha1_base64="4T3C0uk0m1yrdmx9xljFpbHK2TY=">AAACnHicbVFdaxQxFM2MX3X92uqTCBJcZCu0y4wI9UUs6kNFihV2toX N7JLJ3NkNzXyQ3BGXkF/lP/HNf2N2uw922gshJ+ecm3tzkzVKGoyiv0F46/adu/d27vcePHz0+El/9+nE1K0WkIha1fo84waUrCBBiQrOGw28zBScZRef1/rZT9BG1tUYVw2kJV9UspCCo6fm/d/f55ZltcrNqvSb5W447JzdB2basmtzlO0zhF9ox9oxBQVOE3oys3tXbW8cTWaW5Xzh blCHQ68zLRdLTP1945k9iF230n63n3l/EI2iTdDrIN6CAdnG6bz/h+W1aEuoUChuzDSOGkwt1yiFAtdjrYGGiwu+gKmHFS/BpHYzXEdfeyanRa39qpBu2P8zLC/NujnvLDkuTVdbkzdp0xaL96mVVdMiVOKyUNEqijVd/xTNpQaBauUBF1r6XqlYcs0F+v/s+SHE3SdfB5O3ozgaxT/e DY4+bcexQ16QV2SPxOSQHJFjckoSIoLnwcfgOPgavgy/hN/Ck0trGGxznpErEU7+Abzxz94=</latexit><latexit sha1_base64="4T3C0uk0m1yrdmx9xljFpbHK2TY=">AAACnHicbVFdaxQxFM2MX3X92uqTCBJcZCu0y4wI9UUs6kNFihV2toX N7JLJ3NkNzXyQ3BGXkF/lP/HNf2N2uw922gshJ+ecm3tzkzVKGoyiv0F46/adu/d27vcePHz0+El/9+nE1K0WkIha1fo84waUrCBBiQrOGw28zBScZRef1/rZT9BG1tUYVw2kJV9UspCCo6fm/d/f55ZltcrNqvSb5W447JzdB2basmtzlO0zhF9ox9oxBQVOE3oys3tXbW8cTWaW5Xzh blCHQ68zLRdLTP1945k9iF230n63n3l/EI2iTdDrIN6CAdnG6bz/h+W1aEuoUChuzDSOGkwt1yiFAtdjrYGGiwu+gKmHFS/BpHYzXEdfeyanRa39qpBu2P8zLC/NujnvLDkuTVdbkzdp0xaL96mVVdMiVOKyUNEqijVd/xTNpQaBauUBF1r6XqlYcs0F+v/s+SHE3SdfB5O3ozgaxT/e DY4+bcexQ16QV2SPxOSQHJFjckoSIoLnwcfgOPgavgy/hN/Ck0trGGxznpErEU7+Abzxz94=</latexit>
U †
<latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2l s1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S 7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</la texit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2l s1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S 7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</la texit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2l s1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S 7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</la texit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2l s1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S 7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</la texit>
U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIe ix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/L VGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4 cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIe ix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/L VGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4 cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIe ix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/L VGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4 cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIe ix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/L VGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4 cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit> X
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<latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit><latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit><latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1 rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUC k7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblY kJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="n8EQZEYputvDtmdahRcOo57QVHM=">AAACBXicbVC7TsMwFL0pr1IKBFY WiwqVAaqEBUYkFsYi9SW1IXIct7XqOJHtIFVRPoGFX2FhACF+gY2/wWk70JYjWT73HFv33hMknCntOD9WaWNza3unvFvZq+4fHNpH1Y6KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8ld4XefqFQsFi09TagX4 ZFgQ0awNpJv11uP2aWb+9kgiHmoppG5MpxfLJf13LdrTsOZAa0Td0FqsEDTt78HYUzSiApNOFaq7zqJ9jIsNSOc5pVBqmiCyQSPaN9QgSOqvGy2UI7OjBKiYSzNERrN1L8/MhypYjjzMsJ6rFa9QvzP66d6eO NlTCSppoLMGw1TjnSMinRQyCQlmk8NwUQyMysiYywx0SbDignBXV15nXSuGq7TcB8cKMMJnMI5uHANt3APTWgDgWd4hXf4sF6sN+tzHlfJWuR2DEuwvn4BFNGcQA==</latexit><latexit sha1_base64="n8EQZEYputvDtmdahRcOo57QVHM=">AAACBXicbVC7TsMwFL0pr1IKBFY WiwqVAaqEBUYkFsYi9SW1IXIct7XqOJHtIFVRPoGFX2FhACF+gY2/wWk70JYjWT73HFv33hMknCntOD9WaWNza3unvFvZq+4fHNpH1Y6KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8ld4XefqFQsFi09TagX4 ZFgQ0awNpJv11uP2aWb+9kgiHmoppG5MpxfLJf13LdrTsOZAa0Td0FqsEDTt78HYUzSiApNOFaq7zqJ9jIsNSOc5pVBqmiCyQSPaN9QgSOqvGy2UI7OjBKiYSzNERrN1L8/MhypYjjzMsJ6rFa9QvzP66d6eO NlTCSppoLMGw1TjnSMinRQyCQlmk8NwUQyMysiYywx0SbDignBXV15nXSuGq7TcB8cKMMJnMI5uHANt3APTWgDgWd4hXf4sF6sN+tzHlfJWuR2DEuwvn4BFNGcQA==</latexit><latexit sha1_base64="QrabGZAiLVzPD7x/o6eEaAo1zLM=">AAACEHicbVC7TsMwFHV4lvIKMLJ YVKgMUCUsMFawMBapL6kNkeM4rVXHjmwHqYryCSz8CgsDCLEysvE3OG0H2nIky8fn3Cvfe4KEUaUd58daWV1b39gsbZW3d3b39u2Dw7YSqcSkhQUTshsgRRjlpKWpZqSbSILigJFOMLot/M4jkYoK3tTjhHgxG nAaUYy0kXy72nzILtzcz/qBYKEax+bKUH4+/6zmvl1xas4EcJm4M1IBMzR8+7sfCpzGhGvMkFI910m0lyGpKWYkL/dTRRKER2hAeoZyFBPlZZOFcnhqlBBGQprDNZyofzsyFKtiOFMZIz1Ui14h/uf1Uh1dex nlSaoJx9OPopRBLWCRDgypJFizsSEIS2pmhXiIJMLaZFg2IbiLKy+T9mXNdWruvVOp38ziKIFjcALOgAuuQB3cgQZoAQyewAt4A+/Ws/VqfVif09IVa9ZzBOZgff0C2Tydtw==</latexit><latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit><latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit><latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit><latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit><latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit><latexit sha1_base64="+CW1RduYn5rTUG9aRJJ1RbyKK0Q=">AAACEHicbVC7TsMwFHXKq5RXgJH FokJlgCpBSDBWsDAWqS+pDZHjOK1Vx4lsB6mK8gks/AoLAwixMrLxNzhtBtpyJMvH59wr33u8mFGpLOvHKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomehyRhlJO2ooqRXiwICj1Gut74Nve7j0RIGvGWmsTEC dGQ04BipLTkmrXWQ3puZ2468CLmy0morxRlZ/PPWuaaVatuTQGXiV2QKijQdM3vgR/hJCRcYYak7NtWrJwUCUUxI1llkEgSIzxGQ9LXlKOQSCedLpTBE634MIiEPlzBqfq3I0WhzIfTlSFSI7no5eJ/Xj9Rwb WTUh4ninA8+yhIGFQRzNOBPhUEKzbRBGFB9awQj5BAWOkMKzoEe3HlZdK5qNtW3b6/rDZuijjK4Agcg1NggyvQAHegCdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL9p8nbs=</latexit>
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i
<latexit sha1_base64="cD0bIhkS4oSZGAXSrClXaGgANOo=">AAACUnicbVJNSwMxEE3rd/2qevQSLGIFKbsi6EUQvXgRKrS20F1 LNp1tQ7MfJLNiWfY3CuLFH+LFg5pte7DagZCXN2+YyUu8WAqNlvVeKC4sLi2vrK6V1jc2t7bLO7sPOkoUhyaPZKTaHtMgRQhNFCihHStggSeh5Q1v8nzrCZQWUdjAUQxuwPqh8AVnaKhuWTS6qeNFsqdHgdlSlp3MHo8yekkdhGdMGypzJPjYofTuMa3O6o6zOeSRYR0l+gN0 S91yxapZ46D/gT0FFTKNerf86vQingQQIpdM645txeimTKHgErKSk2iIGR+yPnQMDFkA2k3HlmT00DA96kfKrBDpmP1dkbJA52MaZcBwoP/mcnJerpOgf+GmIowThJBPGvmJpBjR3F/aEwo4ypEBjCthZqV8wBTjaF4hN8H+e+X/4OG0Zls1+/6scnU9tWOV7JMDUiU2OSdX 5JbUSZNw8kI+yBf5LrwVPovml0ykxcK0Zo/MRHHjB0idtaQ=</latexit><latexit sha1_base64="cD0bIhkS4oSZGAXSrClXaGgANOo=">AAACUnicbVJNSwMxEE3rd/2qevQSLGIFKbsi6EUQvXgRKrS20F1 LNp1tQ7MfJLNiWfY3CuLFH+LFg5pte7DagZCXN2+YyUu8WAqNlvVeKC4sLi2vrK6V1jc2t7bLO7sPOkoUhyaPZKTaHtMgRQhNFCihHStggSeh5Q1v8nzrCZQWUdjAUQxuwPqh8AVnaKhuWTS6qeNFsqdHgdlSlp3MHo8yekkdhGdMGypzJPjYofTuMa3O6o6zOeSRYR0l+gN0 S91yxapZ46D/gT0FFTKNerf86vQingQQIpdM645txeimTKHgErKSk2iIGR+yPnQMDFkA2k3HlmT00DA96kfKrBDpmP1dkbJA52MaZcBwoP/mcnJerpOgf+GmIowThJBPGvmJpBjR3F/aEwo4ypEBjCthZqV8wBTjaF4hN8H+e+X/4OG0Zls1+/6scnU9tWOV7JMDUiU2OSdX 5JbUSZNw8kI+yBf5LrwVPovml0ykxcK0Zo/MRHHjB0idtaQ=</latexit><latexit sha1_base64="cD0bIhkS4oSZGAXSrClXaGgANOo=">AAACUnicbVJNSwMxEE3rd/2qevQSLGIFKbsi6EUQvXgRKrS20F1 LNp1tQ7MfJLNiWfY3CuLFH+LFg5pte7DagZCXN2+YyUu8WAqNlvVeKC4sLi2vrK6V1jc2t7bLO7sPOkoUhyaPZKTaHtMgRQhNFCihHStggSeh5Q1v8nzrCZQWUdjAUQxuwPqh8AVnaKhuWTS6qeNFsqdHgdlSlp3MHo8yekkdhGdMGypzJPjYofTuMa3O6o6zOeSRYR0l+gN0 S91yxapZ46D/gT0FFTKNerf86vQingQQIpdM645txeimTKHgErKSk2iIGR+yPnQMDFkA2k3HlmT00DA96kfKrBDpmP1dkbJA52MaZcBwoP/mcnJerpOgf+GmIowThJBPGvmJpBjR3F/aEwo4ypEBjCthZqV8wBTjaF4hN8H+e+X/4OG0Zls1+/6scnU9tWOV7JMDUiU2OSdX 5JbUSZNw8kI+yBf5LrwVPovml0ykxcK0Zo/MRHHjB0idtaQ=</latexit><latexit sha1_base64="cD0bIhkS4oSZGAXSrClXaGgANOo=">AAACUnicbVJNSwMxEE3rd/2qevQSLGIFKbsi6EUQvXgRKrS20F1 LNp1tQ7MfJLNiWfY3CuLFH+LFg5pte7DagZCXN2+YyUu8WAqNlvVeKC4sLi2vrK6V1jc2t7bLO7sPOkoUhyaPZKTaHtMgRQhNFCihHStggSeh5Q1v8nzrCZQWUdjAUQxuwPqh8AVnaKhuWTS6qeNFsqdHgdlSlp3MHo8yekkdhGdMGypzJPjYofTuMa3O6o6zOeSRYR0l+gN0 S91yxapZ46D/gT0FFTKNerf86vQingQQIpdM645txeimTKHgErKSk2iIGR+yPnQMDFkA2k3HlmT00DA96kfKrBDpmP1dkbJA52MaZcBwoP/mcnJerpOgf+GmIowThJBPGvmJpBjR3F/aEwo4ypEBjCthZqV8wBTjaF4hN8H+e+X/4OG0Zls1+/6scnU9tWOV7JMDUiU2OSdX 5JbUSZNw8kI+yBf5LrwVPovml0ykxcK0Zo/MRHHjB0idtaQ=</latexit>
Ta,a0 = Tr
h
M (a)M (a
0)
i
<latexit sha1_base64="GgM2geiROjMlNiugWBXmp6jyKsg=">AAACHn icbZDLahsxFIY17s1109Ztlt2ImmIXipkpLc2mYJJNNgEXfAPPxJyRz9jCmgvSmVAzzJN0k1fJJouEEOiqfZvKl0Vr94DQx/+fg3T+MFPSkOv+dioPH j56/KT6tPbs4PmLl/VXrwcmzbXAvkhVqkchGFQywT5JUjjKNEIcKhyGi5OVP7xAbWSa9GiZYRDDLJGRFEBWmtQ/9yYFfIBmyb9yn/A7FT1d+gojGnN+d l604H25uZsWfC1ncwpqk3rDbbvr4vvgbaHBttWd1H/601TkMSYkFBgz9tyMggI0SaGwrPm5wQzEAmY4tphAjCYo1uuV/J1VpjxKtT0J8bX690QBsTHL OLSdMdDc7Hor8X/eOKfoKChkkuWEidg8FOWKU8pXWfGp1ChILS2A0NL+lYs5aBBkE12F4O2uvA+Dj23PbXvfPjU6x9s4quwNe8tazGNfWIedsi7rM8F +sCt2w26dS+fauXPuN60VZztzyP4p59cf2vmgbQ==</latexit><latexit sha1_base64="GgM2geiROjMlNiugWBXmp6jyKsg=">AAACHn icbZDLahsxFIY17s1109Ztlt2ImmIXipkpLc2mYJJNNgEXfAPPxJyRz9jCmgvSmVAzzJN0k1fJJouEEOiqfZvKl0Vr94DQx/+fg3T+MFPSkOv+dioPH j56/KT6tPbs4PmLl/VXrwcmzbXAvkhVqkchGFQywT5JUjjKNEIcKhyGi5OVP7xAbWSa9GiZYRDDLJGRFEBWmtQ/9yYFfIBmyb9yn/A7FT1d+gojGnN+d l604H25uZsWfC1ncwpqk3rDbbvr4vvgbaHBttWd1H/601TkMSYkFBgz9tyMggI0SaGwrPm5wQzEAmY4tphAjCYo1uuV/J1VpjxKtT0J8bX690QBsTHL OLSdMdDc7Hor8X/eOKfoKChkkuWEidg8FOWKU8pXWfGp1ChILS2A0NL+lYs5aBBkE12F4O2uvA+Dj23PbXvfPjU6x9s4quwNe8tazGNfWIedsi7rM8F +sCt2w26dS+fauXPuN60VZztzyP4p59cf2vmgbQ==</latexit><latexit sha1_base64="GgM2geiROjMlNiugWBXmp6jyKsg=">AAACHn icbZDLahsxFIY17s1109Ztlt2ImmIXipkpLc2mYJJNNgEXfAPPxJyRz9jCmgvSmVAzzJN0k1fJJouEEOiqfZvKl0Vr94DQx/+fg3T+MFPSkOv+dioPH j56/KT6tPbs4PmLl/VXrwcmzbXAvkhVqkchGFQywT5JUjjKNEIcKhyGi5OVP7xAbWSa9GiZYRDDLJGRFEBWmtQ/9yYFfIBmyb9yn/A7FT1d+gojGnN+d l604H25uZsWfC1ncwpqk3rDbbvr4vvgbaHBttWd1H/601TkMSYkFBgz9tyMggI0SaGwrPm5wQzEAmY4tphAjCYo1uuV/J1VpjxKtT0J8bX690QBsTHL OLSdMdDc7Hor8X/eOKfoKChkkuWEidg8FOWKU8pXWfGp1ChILS2A0NL+lYs5aBBkE12F4O2uvA+Dj23PbXvfPjU6x9s4quwNe8tazGNfWIedsi7rM8F +sCt2w26dS+fauXPuN60VZztzyP4p59cf2vmgbQ==</latexit><latexit sha1_base64="GgM2geiROjMlNiugWBXmp6jyKsg=">AAACHn icbZDLahsxFIY17s1109Ztlt2ImmIXipkpLc2mYJJNNgEXfAPPxJyRz9jCmgvSmVAzzJN0k1fJJouEEOiqfZvKl0Vr94DQx/+fg3T+MFPSkOv+dioPH j56/KT6tPbs4PmLl/VXrwcmzbXAvkhVqkchGFQywT5JUjjKNEIcKhyGi5OVP7xAbWSa9GiZYRDDLJGRFEBWmtQ/9yYFfIBmyb9yn/A7FT1d+gojGnN+d l604H25uZsWfC1ncwpqk3rDbbvr4vvgbaHBttWd1H/601TkMSYkFBgz9tyMggI0SaGwrPm5wQzEAmY4tphAjCYo1uuV/J1VpjxKtT0J8bX690QBsTHL OLSdMdDc7Hor8X/eOKfoKChkkuWEidg8FOWKU8pXWfGp1ChILS2A0NL+lYs5aBBkE12F4O2uvA+Dj23PbXvfPjU6x9s4quwNe8tazGNfWIedsi7rM8F +sCt2w26dS+fauXPuN60VZztzyP4p59cf2vmgbQ==</latexit>
U
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FIG. 1. Tensor-network representation of the mapping between quantum states (gates) and probability distributions (quasi-
stochastic matrices) used in this work. (a) N -qubit measurement M =
{
M (a1) ⊗ M (a2) ⊗ . . .M (aN )}
a1,...aN
made from
(N = 3) single qubit measurements M = {M (a)}a (red). Vertical indices in the red tensors act on the physical degrees of
freedom (qubits) while the horizontal index labels the measurement outcome a. (b) The overlap matrix Ta1,a′1 and its inverse
T−1(light blue) (c) multi-qubit version of b. (d) The Born rule relates the probability P (a) (green; indices encode the different
measurement outcomes on each qubit) to the quantum state % (blue). (e) Unitary gates (purple) map to quasi-stochastic
matrices (yellow). (f) Application of a unitary matrix to a density matrix corresponds to applying a quasi-stochastic matrix to
P .
P (a1)P (a2) · · ·P (aN ) of statistically independent sets
of variables a which is evolved through a series of lo-
cal quasi-stochastic matrices of the form depicted in
Fig.1(e). The measurement statistics after unitary evolu-
tion through the first gate U (1) is given by P1 = O
(1)P0,
and the application of each subsequent gate U (i) de-
fines a series of intermediate probability distributions
Pi = O
(i)O(i−1) · · ·O(2)O(1)P0 with i = 1, · · · , r.
Algorithm: The strategy to learn the output dis-
tribution Pr consists in constructing models Pθi =
{P (a; θi)}a=(a1,a2,...,aN ) based on a rich family of proba-
bility distributions P (a; θ). These are expressed in terms
of a highly expressive neural network with parameters
θ so that Pθi ≈ Pi. At each time step i, we assume
that an accurate neural approximation has been reached
Pθi ≈ Pi, and consider the exactly evolved distribu-
tion P
(e)
i+1 ≡ O(i+1)Pθi . While the representation of
the quantum state at step i isn’t exact, if Pθi is suffi-
ciently accurate the expectation is that the distribution
Pθi+1 ≈ P (e)i+1. See Fig. 2 for a depiction of the distribu-
tions involved during the simulation.
To train the model Pθi given a gate i+ 1, we adopt a
variational approach and select the parameters θi+1 such
that the Kullback-Liebler (KL) divergence between P
(e)
i+1
and Pθi+1 ,
KL
(
P
(e)
i+1||Pθi+1
)
= −
∑
a
P
(e)
i+1(a) log
(
Pθi+1(a)
P
(e)
i+1(a)
)
(4)
is minimized. This objective function is reasonable as
KL
(
P
(e)
i+1||Pθi+1
)
≥ 0, with the equality being satisfied
when Pθi+1 = P
(e)
i+1. To minimize the KL divergence, we
will apply a variant of gradient descent (i.e. ADAM24)
where we repeatedly update the parameters of θi+1 by
taking steps in the direction of the gradient of Eq. 4.
This gradient, assuming that the model is normalized,
4P 0
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<latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldq aQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hD H0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFp XU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJ xa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2M P/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMM FXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="F7JdOWZ9eI+7gf2qK Qgm0lxiJvo=">AAAB8HicbVC9TsMwGPxS/kopELqyWFRITFXSBUYkFsYi0R+pjSLHcVqrjh3ZDqKK8 iosDCDE07DxNjhtB2g56ZNPd7Z830UZZ9p43rdT29nd2z+oHzaOmscnp+5Zc6BlrgjtE8mlGkVYU8 4E7RtmOB1liuI04nQYze8qf/hElWZSPJpFRoMUTwVLGMHGSqHbmkSSx3qR2qPolWHRLUO37XW8JdA2 8dekDWv0QvdrEkuSp1QYwrHWY9/LTFBgZRjhtGxMck0zTOZ4SseWCpxSHRTL7CW6tEqMEqnsCIOW6 u8XBU51Fc/eTLGZ6U2vEv/zxrlJboKCiSw3VJDVR0nOkZGoKgLFTFFi+MISTBSzWRGZYYWJsXU1bAn +5srbZNDt+F7Hf/CgDudwAVfgwzXcwj30oA8EnuEF3uDdKZ1X52NVV81Z99aCP3A+fwApU5Nd</la texit><latexit sha1_base64="F7JdOWZ9eI+7gf2qK Qgm0lxiJvo=">AAAB8HicbVC9TsMwGPxS/kopELqyWFRITFXSBUYkFsYi0R+pjSLHcVqrjh3ZDqKK8 iosDCDE07DxNjhtB2g56ZNPd7Z830UZZ9p43rdT29nd2z+oHzaOmscnp+5Zc6BlrgjtE8mlGkVYU8 4E7RtmOB1liuI04nQYze8qf/hElWZSPJpFRoMUTwVLGMHGSqHbmkSSx3qR2qPolWHRLUO37XW8JdA2 8dekDWv0QvdrEkuSp1QYwrHWY9/LTFBgZRjhtGxMck0zTOZ4SseWCpxSHRTL7CW6tEqMEqnsCIOW6 u8XBU51Fc/eTLGZ6U2vEv/zxrlJboKCiSw3VJDVR0nOkZGoKgLFTFFi+MISTBSzWRGZYYWJsXU1bAn +5srbZNDt+F7Hf/CgDudwAVfgwzXcwj30oA8EnuEF3uDdKZ1X52NVV81Z99aCP3A+fwApU5Nd</la texit><latexit sha1_base64="kDxvsMRhznb2GJfAS 8ZKbMv9gew=">AAAB+3icbVC7TsMwFL3hWcorlJElokJiqpIuMFawMBaJPqQ2ihzHaa06dmQ7iCrKr 7AwgBArP8LG3+C0GaDlSJaPzrlXPj5hyqjSrvttbWxube/s1vbq+weHR8f2SaOvRCYx6WHBhByGSB FGOelpqhkZppKgJGRkEM5uS3/wSKSigj/oeUr8BE04jSlG2kiB3RiHgkVqnpgr7xZB3i4Cu+m23AWc deJVpAkVuoH9NY4EzhLCNWZIqZHnptrPkdQUM1LUx5kiKcIzNCEjQzlKiPLzRfbCuTBK5MRCmsO1s 1B/b+QoUWU8M5kgPVWrXin+540yHV/7OeVppgnHy4fijDlaOGURTkQlwZrNDUFYUpPVwVMkEdamrro pwVv98jrpt1ue2/Lu3WbnpqqjBmdwDpfgwRV04A660AMMT/AMr/BmFdaL9W59LEc3rGrnFP7A+vwB jtyUvw==</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs /QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE7GE/ IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6 QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL 2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/vcKKEdCWkO1 /ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7p qpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bn D5AclMM=</latexit>
P 3
<latexit sha1_base64="setndy6vdTERg4Ypg nAxhtXm4D8=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UAEowVLIxFog+pjSLHcVqrjhPZDqKK8 issDCDEyo+w8Tc4bQZoOZLlo3PulY+Pn3CmtG1/W5W19Y3Nrep2bWd3b/+gftjoqTiVhHZJzGM58L GinAna1UxzOkgkxZHPad+f3hZ+/5FKxWLxoGcJdSM8FixkBGsjefXGyI95oGaRubJO7mUXuVdv2i17 DrRKnJI0oUTHq3+NgpikERWacKzU0LET7WZYakY4zWujVNEEkyke06GhAkdUudk8e45OjRKgMJbmC I3m6u+NDEeqiGcmI6wnatkrxP+8YarDazdjIkk1FWTxUJhypGNUFIECJinRfGYIJpKZrIhMsMREm7p qpgRn+curpHfecuyWc3/ZbN+UdVThGE7gDBy4gjbcQQe6QOAJnuEV3qzcerHerY/FaMUqd47gD6zP H5GhlMQ=</latexit><latexit sha1_base64="setndy6vdTERg4Ypg nAxhtXm4D8=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UAEowVLIxFog+pjSLHcVqrjhPZDqKK8 issDCDEyo+w8Tc4bQZoOZLlo3PulY+Pn3CmtG1/W5W19Y3Nrep2bWd3b/+gftjoqTiVhHZJzGM58L GinAna1UxzOkgkxZHPad+f3hZ+/5FKxWLxoGcJdSM8FixkBGsjefXGyI95oGaRubJO7mUXuVdv2i17 DrRKnJI0oUTHq3+NgpikERWacKzU0LET7WZYakY4zWujVNEEkyke06GhAkdUudk8e45OjRKgMJbmC I3m6u+NDEeqiGcmI6wnatkrxP+8YarDazdjIkk1FWTxUJhypGNUFIECJinRfGYIJpKZrIhMsMREm7p qpgRn+curpHfecuyWc3/ZbN+UdVThGE7gDBy4gjbcQQe6QOAJnuEV3qzcerHerY/FaMUqd47gD6zP H5GhlMQ=</latexit><latexit sha1_base64="setndy6vdTERg4Ypg nAxhtXm4D8=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UAEowVLIxFog+pjSLHcVqrjhPZDqKK8 issDCDEyo+w8Tc4bQZoOZLlo3PulY+Pn3CmtG1/W5W19Y3Nrep2bWd3b/+gftjoqTiVhHZJzGM58L GinAna1UxzOkgkxZHPad+f3hZ+/5FKxWLxoGcJdSM8FixkBGsjefXGyI95oGaRubJO7mUXuVdv2i17 DrRKnJI0oUTHq3+NgpikERWacKzU0LET7WZYakY4zWujVNEEkyke06GhAkdUudk8e45OjRKgMJbmC I3m6u+NDEeqiGcmI6wnatkrxP+8YarDazdjIkk1FWTxUJhypGNUFIECJinRfGYIJpKZrIhMsMREm7p qpgRn+curpHfecuyWc3/ZbN+UdVThGE7gDBy4gjbcQQe6QOAJnuEV3qzcerHerY/FaMUqd47gD6zP H5GhlMQ=</latexit><latexit sha1_base64="setndy6vdTERg4Ypg nAxhtXm4D8=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UAEowVLIxFog+pjSLHcVqrjhPZDqKK8 issDCDEyo+w8Tc4bQZoOZLlo3PulY+Pn3CmtG1/W5W19Y3Nrep2bWd3b/+gftjoqTiVhHZJzGM58L GinAna1UxzOkgkxZHPad+f3hZ+/5FKxWLxoGcJdSM8FixkBGsjefXGyI95oGaRubJO7mUXuVdv2i17 DrRKnJI0oUTHq3+NgpikERWacKzU0LET7WZYakY4zWujVNEEkyke06GhAkdUudk8e45OjRKgMJbmC I3m6u+NDEeqiGcmI6wnatkrxP+8YarDazdjIkk1FWTxUJhypGNUFIECJinRfGYIJpKZrIhMsMREm7p qpgRn+curpHfecuyWc3/ZbN+UdVThGE7gDBy4gjbcQQe6QOAJnuEV3qzcerHerY/FaMUqd47gD6zP H5GhlMQ=</latexit>
P ✓3
<latexit sha1_base64="LoKqF0rFolXQ6JQu fCT60ifpl0Y=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkqigh6LXjxWsLXQhLDZbNqlm2zY nQglBC/+FS8eFPHqr/Dmv3HT5qCtD5Z9vDfDzLwg5UyBbX8btaXlldW1+npjY3Nre8fc3espkUl Cu0RwIfsBVpSzhHaBAaf9VFIcB5zeB+Pr0r9/oFIxkdzBJKVejIcJixjBoCXfPHADwUM1ifWXdw o/d2FEAftnhW827ZY9hbVInIo0UYWOb365oSBZTBMgHCs1cOwUvBxLYITTouFmiqaYjPGQDjRN cEyVl09PKKxjrYRWJKR+CVhT9XdHjmNVbqkrYwwjNe+V4n/eIIPo0stZkmZAEzIbFGXcAmGVeVg hk5QAn2iCiWR6V4uMsMQEdGoNHYIzf/Ii6Z22HLvl3J4321dVHHV0iI7QCXLQBWqjG9RBXUTQI3 pGr+jNeDJejHfjY1ZaM6qeffQHxucPGAWX2w==</latexit><latexit sha1_base64="LoKqF0rFolXQ6JQu fCT60ifpl0Y=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkqigh6LXjxWsLXQhLDZbNqlm2zY nQglBC/+FS8eFPHqr/Dmv3HT5qCtD5Z9vDfDzLwg5UyBbX8btaXlldW1+npjY3Nre8fc3espkUl Cu0RwIfsBVpSzhHaBAaf9VFIcB5zeB+Pr0r9/oFIxkdzBJKVejIcJixjBoCXfPHADwUM1ifWXdw o/d2FEAftnhW827ZY9hbVInIo0UYWOb365oSBZTBMgHCs1cOwUvBxLYITTouFmiqaYjPGQDjRN cEyVl09PKKxjrYRWJKR+CVhT9XdHjmNVbqkrYwwjNe+V4n/eIIPo0stZkmZAEzIbFGXcAmGVeVg hk5QAn2iCiWR6V4uMsMQEdGoNHYIzf/Ii6Z22HLvl3J4321dVHHV0iI7QCXLQBWqjG9RBXUTQI3 pGr+jNeDJejHfjY1ZaM6qeffQHxucPGAWX2w==</latexit><latexit sha1_base64="LoKqF0rFolXQ6JQu fCT60ifpl0Y=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkqigh6LXjxWsLXQhLDZbNqlm2zY nQglBC/+FS8eFPHqr/Dmv3HT5qCtD5Z9vDfDzLwg5UyBbX8btaXlldW1+npjY3Nre8fc3espkUl Cu0RwIfsBVpSzhHaBAaf9VFIcB5zeB+Pr0r9/oFIxkdzBJKVejIcJixjBoCXfPHADwUM1ifWXdw o/d2FEAftnhW827ZY9hbVInIo0UYWOb365oSBZTBMgHCs1cOwUvBxLYITTouFmiqaYjPGQDjRN cEyVl09PKKxjrYRWJKR+CVhT9XdHjmNVbqkrYwwjNe+V4n/eIIPo0stZkmZAEzIbFGXcAmGVeVg hk5QAn2iCiWR6V4uMsMQEdGoNHYIzf/Ii6Z22HLvl3J4321dVHHV0iI7QCXLQBWqjG9RBXUTQI3 pGr+jNeDJejHfjY1ZaM6qeffQHxucPGAWX2w==</latexit><latexit sha1_base64="LoKqF0rFolXQ6JQu fCT60ifpl0Y=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkqigh6LXjxWsLXQhLDZbNqlm2zY nQglBC/+FS8eFPHqr/Dmv3HT5qCtD5Z9vDfDzLwg5UyBbX8btaXlldW1+npjY3Nre8fc3espkUl Cu0RwIfsBVpSzhHaBAaf9VFIcB5zeB+Pr0r9/oFIxkdzBJKVejIcJixjBoCXfPHADwUM1ifWXdw o/d2FEAftnhW827ZY9hbVInIo0UYWOb365oSBZTBMgHCs1cOwUvBxLYITTouFmiqaYjPGQDjRN cEyVl09PKKxjrYRWJKR+CVhT9XdHjmNVbqkrYwwjNe+V4n/eIIPo0stZkmZAEzIbFGXcAmGVeVg hk5QAn2iCiWR6V4uMsMQEdGoNHYIzf/Ii6Z22HLvl3J4321dVHHV0iI7QCXLQBWqjG9RBXUTQI3 pGr+jNeDJejHfjY1ZaM6qeffQHxucPGAWX2w==</latexit>
P ✓2
<latexit sha1_base64="Cjsaz86X7H6ICBQ d9vKKPSOe+qU=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVZIi6LLoxmUF+4AmhMlk0g6dT MLMjVBCcOOvuHGhiFu/wp1/46TNQlsPDHM4517uvSdIOVNg29/Gyura+sZmbau+vbO7t28eHP ZUkklCuyThiRwEWFHOBO0CA04HqaQ4DjjtB5Ob0u8/UKlYIu5hmlIvxiPBIkYwaMk3j90g4a GaxvrLO4WfuzCmgP1W4ZsNu2nPYC0TpyINVKHjm19umJAspgIIx0oNHTsFL8cSGOG0qLuZoik mEzyiQ00Fjqny8tkJhXWmldCKEqmfAGum/u7IcazKLXVljGGsFr1S/M8bZhBdeTkTaQZUkPm gKOMWJFaZhxUySQnwqSaYSKZ3tcgYS0xAp1bXITiLJy+TXqvp2E3n7qLRvq7iqKETdIrOkYMu URvdog7qIoIe0TN6RW/Gk/FivBsf89IVo+o5Qn9gfP4AFoCX2g==</latexit><latexit sha1_base64="Cjsaz86X7H6ICBQ d9vKKPSOe+qU=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVZIi6LLoxmUF+4AmhMlk0g6dT MLMjVBCcOOvuHGhiFu/wp1/46TNQlsPDHM4517uvSdIOVNg29/Gyura+sZmbau+vbO7t28eHP ZUkklCuyThiRwEWFHOBO0CA04HqaQ4DjjtB5Ob0u8/UKlYIu5hmlIvxiPBIkYwaMk3j90g4a GaxvrLO4WfuzCmgP1W4ZsNu2nPYC0TpyINVKHjm19umJAspgIIx0oNHTsFL8cSGOG0qLuZoik mEzyiQ00Fjqny8tkJhXWmldCKEqmfAGum/u7IcazKLXVljGGsFr1S/M8bZhBdeTkTaQZUkPm gKOMWJFaZhxUySQnwqSaYSKZ3tcgYS0xAp1bXITiLJy+TXqvp2E3n7qLRvq7iqKETdIrOkYMu URvdog7qIoIe0TN6RW/Gk/FivBsf89IVo+o5Qn9gfP4AFoCX2g==</latexit><latexit sha1_base64="Cjsaz86X7H6ICBQ d9vKKPSOe+qU=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVZIi6LLoxmUF+4AmhMlk0g6dT MLMjVBCcOOvuHGhiFu/wp1/46TNQlsPDHM4517uvSdIOVNg29/Gyura+sZmbau+vbO7t28eHP ZUkklCuyThiRwEWFHOBO0CA04HqaQ4DjjtB5Ob0u8/UKlYIu5hmlIvxiPBIkYwaMk3j90g4a GaxvrLO4WfuzCmgP1W4ZsNu2nPYC0TpyINVKHjm19umJAspgIIx0oNHTsFL8cSGOG0qLuZoik mEzyiQ00Fjqny8tkJhXWmldCKEqmfAGum/u7IcazKLXVljGGsFr1S/M8bZhBdeTkTaQZUkPm gKOMWJFaZhxUySQnwqSaYSKZ3tcgYS0xAp1bXITiLJy+TXqvp2E3n7qLRvq7iqKETdIrOkYMu URvdog7qIoIe0TN6RW/Gk/FivBsf89IVo+o5Qn9gfP4AFoCX2g==</latexit><latexit sha1_base64="Cjsaz86X7H6ICBQ d9vKKPSOe+qU=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVZIi6LLoxmUF+4AmhMlk0g6dT MLMjVBCcOOvuHGhiFu/wp1/46TNQlsPDHM4517uvSdIOVNg29/Gyura+sZmbau+vbO7t28eHP ZUkklCuyThiRwEWFHOBO0CA04HqaQ4DjjtB5Ob0u8/UKlYIu5hmlIvxiPBIkYwaMk3j90g4a GaxvrLO4WfuzCmgP1W4ZsNu2nPYC0TpyINVKHjm19umJAspgIIx0oNHTsFL8cSGOG0qLuZoik mEzyiQ00Fjqny8tkJhXWmldCKEqmfAGum/u7IcazKLXVljGGsFr1S/M8bZhBdeTkTaQZUkPm gKOMWJFaZhxUySQnwqSaYSKZ3tcgYS0xAp1bXITiLJy+TXqvp2E3n7qLRvq7iqKETdIrOkYMu URvdog7qIoIe0TN6RW/Gk/FivBsf89IVo+o5Qn9gfP4AFoCX2g==</latexit>
P ✓1
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FIG. 2. Schematics of the different distributions involved
in the training procedure for a circuit with 3 gates. Black
arrows indicate the exact trajectory while green arrows rep-
resent the trajectory of the optimized models Pθi . The red
dotted arrows point to the exactly evolved distributions P
(e)
i+1
after the application of each gate O(i) on the trained model
Pθi . Note that if the resulting KL divergence after training
KL
(
P
(e)
i+1||Pθi+1
)
= 0 for every gate in the circuit, then the
black trajectory coincides with the green one and the proce-
dure becomes exact.
can be written as
∇θi+1KL(P (e)i+1||Pθi+1) (5a)
= −
∑
a
P
(e)
i+1(a)∇θi+1 log
(
Pθi+1(a)
)
(5b)
= −Ea∼Pθi+1 (a)
[
P
(e)
i+1(a)
Pθi+1(a)
∇θi+1 log
(
Pθi+1(a)
)]
(5c)
= −Ea∼Pθi+1 (a)
[(
P
(e)
i+1(a)
Pθi+1(a)
− k
)
∇θi+1 log
(
Pθi+1(a)
)]
.
(5d)
Here, k = Ea∼Pθi+1 (a)
[
P
(e)
i+1(a)
Pθi+1 (a)
]
. Note that
Ea∼Pθi+1 (a)∇θi+1 log
(
Pθi+1(a)
)
= 0, which justifies the
equality in Eq. 5d. To estimate the gradient in Eq. 5a, we
generate a mini-batch of Ns samples of a sampled from
Pθi+1(a) and average over these samples both to com-
pute the value of k as well as Eq. 5d. While computing
Eq. 5d or Eq. 5c both evaluate the gradient, Eq. 5d has
significantly better variance. In the limit where P
(e)
i+1(a)
approaches Pθi+1(a) (i.e. ideally towards the end of the
optimization of gate i+ 1), the variance of this gradient
goes to zero. This is known as the zero variance prin-
ciple.25 P
(e)
i+1(a) =
∑
a′ O
(i+1)
aa′ Pθi(a
′) is evaluated by ex-
plicitly summing over the sub-string of outcomes in a′ on
which O(i+1) acts (with the other outcomes in the string
fixed).
By construction, the unitary matrices and their cor-
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FIG. 3. Schematic representation of the Transformer model.
Lines with arrowheads denote incoming arrays from the out-
put of one node to the inputs of others. The Transformer
architecture starts with an input measurement a. First, a
high-dimensional linear embedding Aˆ of the input measure-
ment is computed. This is followed by addition of positional
encoding vectors to the input embeddings Aˆ. The multi-head
attention mechanism is applied to the modified embedding,
followed by a residual connection26 and layer normalization.27
A position-wise feed-forward is then applied the outcome of
the previous layer again followed by a residual connection and
layer normalization. The output of the last layer is processed
through a linear layer followed by a softmax which returns
the conditional probabilities Pθ(ak+1|a1, . . . , ak).
responding quasi-stochastic matrices considered here are
k-local, which means that the calculation of the gradient
estimator in Eq. 5a is efficient.
Transformer: For simplicity, in order to model Pi,
we restrict to models Pθi(a) with a tractable density
and that allow for exact sampling. While other mod-
els such as the variational autoencoder28 can repre-
sent the quantum state probabilistically, having both a
tractable density and exact sampling significantly sim-
plifies the calculation of the quantities involved in the
gradient estimation. The exact sampling avoids ex-
pensive Markov Chain Monte Carlo which would oth-
erwise be required to obtain the samples for the gra-
dient estimator. Specifically, we consider prototypi-
cal autoregressive models commonly used in neural ma-
chine translation and language modelling based on Trans-
former encoder blocks.29 This neural architecture mod-
els a probability distribution Pθi+1(a) through the condi-
tional Pθ(ak+1|a1, . . . , ak). Note that we can recover P
5via the chain rule
Pθ(a1, . . . , aN ) =
N∏
k=1
Pθ(ak|a<k),
which we heavily use in our simulations.
The Transformer architecture is constructed using the
elements depicted in Fig. 3. The first and most important
element is the self-attention mechanism. Self-attention
takes an embedding of the measurement outcome a, and
computes an auto-correlation matrix where the different
measurement outcomes across the different qubits form
the columns and rows. The embedding is simply a lin-
ear transformation on the original input a. The self-
attention and its correlation matrix are useful to intro-
duce correlations between qubits separated at any dis-
tance in the quantum system. This is analogous to a
two-body Jastrow factor30 which induces pairwise long-
distance correlations between the bare degrees of free-
dom (i.e. spins, qubits, electrons) in a wavefunction.
In contrast to traditional sequence models based on re-
current neural networks, which tend to suppress corre-
lations beyond a certain length ξ, the self-attention net-
works are suitable to model systems exhibiting power-
law correlations present in natural sequences as well as
physical systems exhibiting (classical or quantum) criti-
cal behaviour.31
More precisely, the attention mechanism can be de-
scribed as a map between a “query” array Q, a “key”
array K and “value” V , to an output vector. The the
query, keys, values, are linear transformations of the in-
put vectors, e.g. K = AˆW (K), where Aˆ ∈ RN×dmodel
is a dmodel-dimensional embedding of the measurements
outcome at the different qubits j = 1, . . . , N , and W (K)
∈ Rdmodel×dk is a parameter of the model. Analogously,
the values and queries are calculated as a parametrized
linear transformation on the embedding Aˆ.
The specific type of attention mechanism the Trans-
former uses is the so-called scaled dot-product attention.
The input consists of queries and keys of dimension dk,
and values of dimension dv, and the output is computed
as
Attention (Q,K, V ) = softmax
(
QKT√
dk
)
V, (6)
where the softmax function acting on a vector results in
softmax(xi) =
exi∑
j e
xj . The argument of the softmax is
AˆW (Q)W (K)
T
AˆT, which induces pairwise, all-to-all cor-
relations between the qubits in the system, thus resem-
bling a Jastrow factor with parameters W (Q)W (K)
T
.
As in Ref. 29, we use a multi-head attention mecha-
nism where instead of computing a single attention func-
tion, we linearly project the queries, keys and values h
times with different, learned linear projections to dk, dk
and dv dimensions. Each of these projections are then
followed by the attention function in parallel, producing
dv-dimensional output values. These are concatenated
and projected. The output of the multi-head attention is
Multi-Head (Q,K, V ) =
Concat (head1, . . . ,headh)W
(0),
(7)
where headi = Attention (Qi,Ki, Vi), Ki = AˆW
(K)
i ,
Qi = AˆW
(Q)
i , and Vi = AˆW
(V )
i . Here, W
(K)
i ∈
Rdmodel×dk , W (Q)i ∈ Rdmodel×dk , and W (V )i ∈ Rdmodel×dv .
In our work we use h = 8 attention heads, and dk = dv =
dmodel/h with dmodel = 16 or 32.
Additionally, the Transformer features a position-wise
feed-forward network, which is a fully connected feed-
forward network applied to each position separately and
identically. This layer consists of two linear transforma-
tions with a ReLU32 activation in between.
Each sub-layer (i.e. the self-attention and the position-
wise feed-forward network) has a residual connection
around it, and is followed by a layer-normalization
step. That is, the output of each sub-layer is
LayerNorm (x+ Sublayer(x)), where Sublayer(x) is the
function implemented by either the self-attention or
the position-wise feed-forward network. The residual
connection26 makes it simple for the architecture to
perform the identity operation on the input x since
Sublayer(x) can easily be trained to output zeros. The
layer normalization27 is a technique to normalize the of
intermediate outcome of the sub-layers to have zero mean
and unit variance, which enables a more stable calcula-
tion of the gradients in Eq.5a and faster training.
The embedding mentioned above convert the values of
measurements a to vectors of dimension dmodel through
a parametrized linear transformation. Since the Trans-
former model contains no recurrence or convolutions, the
model can’t naturally use the information of the the spa-
tial ordering of the qubits. To fix this, we include in-
formation about the relative or absolute position of the
measurements in the system by adding positional encod-
ings to the input embeddings. The positional encodings
have the same dimension dmodel as the embeddings and
are added to the original embedding.29 The last element
of the Transformer is a linear layer followed by a softmax
activation that outputs the conditional distribution.
While several Transformer layers of the type encircled
in the orange block in Fig. 3 can be composed to en-
hanced the expressiveness of our models, we found that
the one-layer Transformer-encoder architecture described
above suffices for modeling distributions we are interested
in. We train the models using Adam Optimizer24 in Py-
torch33 with an initial learning rate of 0.01. Our im-
plementation uses single-precision (32-bit) floating-point
representation for real numbers and a 64-bit representa-
tion for integers.
Experiments and results: We demonstrate our ap-
proach on three types of quantum circuits: circuits pro-
ducing GHZ states, circuits producing one-dimensional
graph states, and a variational circuit for the ground
6state of the Transverse Ising Field Model at the criti-
cal point34 (see Appendix). We use a variety of quality
metrics to quantify the efficacy of our method: The KL
divergence of Eq. 4, the classical fidelity Fc(P1,P2) =∑
a
√
P1(a)P2(a), and the L1 norm of the probability
distributions are all designed to measure the difference
between the probability distribution of the neural proba-
bilistic model and the exact probability distribution (ei-
ther Pi+1 or P
(e)
i+1) of the POVM. Note that these mea-
sures directly bound how far off the POVM measurement
statistics of the actual quantum state differ from our sim-
ulation. These measures depend on the POVM basis; we
can also directly compare basis-independent quantities
such as the ‘quantum fidelity’ of the state,
F (%1, %2) = Tr
[√√
%1 %2
√
%1
]
(8)
and
F2(%1, %2) =
√
1− ||%1 − %2||22/2 . (9)
Both F and F2 are equal to the overlap |〈Ψ1|Ψ2〉| when
%1 and %2 represent pure states. Notice that F2 is well
defined even if the ‘density matrices’ generated from the
POVM probability don’t correspond to physical density
matrices.
Fig.4(a-d) shows these measures for two quantum
gates (see Fig.4(a)[inset]) which generate the GHZ state
with N = 2 qubits, namely the Bell state |Ψ〉 =
1√
2
(|00〉+ |11〉). For the application of each of the two
gates, the KL divergence, the L1 classical error, the clas-
sical fidelity error, and the quantum fidelity error all ini-
tially approach zero exponentially in the number of steps.
The quantum fidelity oscillates around one until finally
settling at 1 by the end of the optimization. The KL di-
vergence and the classical fidelity error both eventually
saturate, but, interestingly, the L1 classical error and the
quantum fidelity error both continue to improve for the
application of the first gate in the circuit. This suggests
that further improvements due to better training of the
ansatz and a better choice of objective function are pos-
sible. The observed saturation at ∼ 10−8 also suggests
some quantities are limited by the 32-bit floating-point
precision used in computations. Increasing the precision
could also lead to improved convergence. In Fig. 4(e-h),
we present analogous results for a circuit generating a 2-
qubit graph state, i.e. |Ψ〉 = 12 (|00〉+ |10〉+ |01〉 − |11〉),
where we observe similar behaviour. Note that for these
examples, we are primarily probing the quality of our
optimization given that the Transformer with hidden di-
mension 16 should be powerful enough to exactly repre-
sent the exact probability distribution.
The small oscillations of the fidelity above 1.0 evident
in the inset of Fig. 4(h) exists because the Transformer
can represent probability distributions without a corre-
sponding physical density matrix. This is because only
a subset of the probability simplex, which is the space
where the distributions we are interested in live, cor-
responds to physical density matrices upon inversion in
Eq.1. The subset of probability distributions with a valid
quantum states in our setting forms a convex set simi-
lar to the so-called Qplex in quantum Bayesian theory.35
Here we emphasize that the fidelity values in Fig.4(d)
and (h) eventually converge to one and the oscillations
above and below 1 are suppressed exponentially with the
training steps, suggesting that the model converges to the
target quantum state. We provide more details about the
Qplex and the presence of unphysical states in our rep-
resentation in the Appendix.
We now turn our attention to the quality of the cir-
cuit simulation as a function of the number of qubits
in the circuit, letting both the depth and gate number
grow linearly with the number of qubits. We find in con-
structing GHZ and linear graph states (see Fig. 5(inset))
in the range from 10-60 qubits that the classical fidelity
falls approximately linearly with number of qubits (see
Fig. 5) reaching a classical fidelity of approximately 0.9
at 60 qubits. In addition, we have considered two dif-
ferent hidden dimensions, 16 and 32, and find that there
is an improvement of the classical fidelity over all qubit
sizes as we increase the hidden dimension. We attribute
this to an improved representability power of the larger
Transformers suggesting that one of the bottlenecks of
our simulation is the ability of our neural probabilistic
model to represent the probability distribution that cor-
responds to the output of the quantum circuit.
We further apply our method for state preparation of a
6-qubit TFIM ground state using a variational quantum
eigensolver circuit34 (see Appendix). The variational
quantum eigensolver36 (VQE) is a quantum/classical hy-
brid algorithm that can be used to approximate the low-
est energy eigenvalues and eigenvectors of a qubit Hamil-
tonian H on a quantum processor. Rather than perform-
ing an optimization of the VQE ansatz, we focus on the
probabilistic preparation of an already optimized VQE
circuit for the ground state of the TFIM, as demonstrated
below. We note that the particular circuit we consider
has more gates per qubit than our previous examples.
However, we limit our simulation to a small number of
qubits so that the estimation of quantum fidelity, whose
computational cost is exponential in the number of qubits
in our approach,9 remains possible. Thus we evaluate
both classical and quantum fidelity after the application
of each quasi-stochastic gate in the circuit (see Appendix
F for a precise specification of the quantum circuit and
details of its probabilistic preparation). Both the classi-
cal and quantum fidelities shown in Fig. 6 drop roughly
linearly with the number of gates in the circuit; in fact, as
demonstrated in the Appendix in Fig. A5, there is a clear
correlation between the classical and quantum fidelity. It
is natural to expect that this linear drop observed in our
simulation is brought on by an accumulation of errors
building up after successive gates in the circuit. We can
give further evidence of this by looking at the error made
after a single step, F2(%i, %
(e)
i ), which directly compares
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FIG. 4. Measures of training of two qubit circuits (shown in insets of (a) and (e)) between the exact state and the quantum
state represented by a Transformer (dmodel = 16) after each circuit element. KL divergence (a and e), classical fidelity (b and
f), L1 norm (c and g) and the quantum fidelity (d and h). The main panels use a log-linear scale whereas the inset in (h)
displays the fidelity in linear scale.
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Graph
FIG. 5. Classical fidelity Fc between the final probability
distribution of the Transformer versus the exact POVM mea-
surements of the post-circuit quantum states as a function of
the total number of qubits for circuits (see insets) generating
the GHZ state and linear graph states. The latter is shown
with Transformers of hidden dimensions 16 and 32.
P
(e)
i and Pθi (see Fig. 6). We find that the single-step er-
ror is roughly constant and small throughout the circuit
suggesting each step of the simulation is fairly accurate.
This is consistent with the observations in Fig. 4.
Conclusions: We have introduced an approach for the
classical simulation of quantum circuits using probabilis-
tic models and validate it on a number of different cir-
FIG. 6. Fidelity measurements of a VQE circuit for the prepa-
ration of a 6-qubit ground state of the TFIM as a function of
the gate number. The inset shows the classical fidelity which
is seen to decrease approximately linearly with the number of
gates applied to the state.
cuits. This is done by using a POVM formalism which
maps states to probability distributions and gates to
quasi-stochastic matrices. To represent the probability
distribution over this POVM basis, we use a Transformer,
a powerful machine learning architecture heavily used
in natural language processing. We develop an efficient
sampling scheme which updates the Transformer after
8each gate application within the quantum circuit. This
sampling scheme works well out to a large number of
qubits; in this work we demonstrate simulations up to 60
qubits and empirically see that the accuracy of the simu-
lation drops roughly linearly with the number of qubits at
a fixed hidden dimension of the Transformer architecture.
We observe that increasing the hidden dimension of the
model improves our results for the circuits we considered.
Although this observation suggests that our approach is
scalable, a detailed study of the representational power
of the Transformer and its relation to optimization over
a wider class of circuits and Transformer hyperparame-
ters is required to properly establish the scalability and
applicability of our approach.
Optimizing the Transformer after each gate is a criti-
cal step in our algorithm. While already reasonably ef-
ficient, there are various ways this optimization might
be further improved. For example, our current simula-
tions allow probabilistic representations which don’t map
to physical quantum states (i.e. outside of the Qplex).
We anticipate that constraining the optimization to the
physically relevant subspace would improve the quality
of the simulations and their broad applicability. Addi-
tionally, further strategies from machine learning may be
applicable; a common training strategy in natural lan-
guage processing has been to simultaneously train mul-
tiple models selecting the best one at each step and this
technique may improve the accuracy in our quantum cir-
cuit simulations.
The choice of the POVM basis directly affects the
structure of the underlying probability distributions de-
scribing the quantum states as well as the efficiency of
their simulation. Here we chose a simple IC-POVM ba-
sis which is single-qubit factorable, which means that
all of the entanglement and complexity associated with
the quantum state can be traced back to P and not the
POVM basis. Practically, the factorized IC-POVM rep-
resentation ensures local unitaries and quantum channels
map to local quasi-stochastic matrices allowing for the
design of practical algorithms. A common alternative
POVM basis, the SIC-POVM3,6–8,10 has an elegant for-
malism but is more difficult to work with algorithmically
since SIC-POVM basis are not known to exist for large
systems37 and don’t map local unitaries to local matrices.
It is nonetheless an interesting research question whether
these more complicated basis can be useful in the context
of numerical simulations. Indeed, POVM is related to the
Wigner-function quasi-probability representation and it
will also be worth further investigating their relation.
While in this work we have stored the probability dis-
tribution using a Transformer, there are other options
for storing this probability distribution including other
machine-learning architectures and tensor networks. In
fact, it is not even necessary to explicitly store the repre-
sentation at all; instead, in the spirit of quantum Monte
Carlo, it could be sampled stochastically. While such
a simulation will generically have a sign problem, there
may be preferred basis choices for the POVM which min-
imize that effect for a particular set of quantum circuits.
In general, the classical simulation of quantum cir-
cuits is known to be difficult.12 Nonetheless, in the era
of noisy intermediate-scale quantum technology it is im-
portant to be able to benchmark machines which have
qubit sizes that are outside the limits of what can be
simulated exactly on classical computers to validate and
test quantum computers and algorithms. Moreover, the
ability to simulate ever larger and more difficult circuits
helps better delineate the boundary between classical and
quantum computation. The number of approaches for
simulating quantum circuits is small and our approach
introduces an alternative to the standard approach of
simulating the quantum state either explicitly,13–20 or
stochastically.38,39 We anticipate advantages with respect
to established algorithms enabled by the ability of Trans-
formers to model long-range correlations,31 the autore-
gressive nature of the model, as well as the nature of
the self-attention mechanism, which allows a high degree
of parallelization of most of the computations required
in our approach. Additionally, extensions of the model
which encode information about the spatial structure of
the problem (e.g. two-dimensional Transformers40) can
be easily defined while retaining all the computational
and modelling advantages of the Transformers used in
this work.
Beyond the simulation of circuits, our POVM approach
can be naturally extended to various problems in quan-
tum many-body systems, such as the simulation of real-
time dynamics of closed and open quantum systems (see
Appendix A and B). Thus our work opens up new possi-
bilities for combining the POVM formalism with different
numerical methods, ranging from quantum Monte Carlo
to machine learning to tensor networks, in an effort to
better classically simulate quantum many-body systems.
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Appendix A: Quantum channels
A complete description of the evolution of closed and
open quantum systems is fundamental to the understand-
ing and manipulation of quantum information devices.
In contrast to closed quantum systems, the evolution of
open quantum systems is not unitary. Instead, the evolu-
tion of the density operator of an open quantum system is
described by the action of a quantum operation or quan-
tum channel, which is specified by a completely positive
trace-preserving (CPTP) maps between spaces of opera-
tors.11 A commonly used representations of CPTP-maps
is the Kraus or operator-sum representation41 where a
CPTP-map E acts on a quantum state % as
E (%) =
D∑
α
K(α)%K(α)†, (A1)
where
∑D
α K
(α)K(α)† = 1 . The set of matrices
{K(α), α = 1, . . . , D} act on the Hilbert space of the
qubits and can be thought of as an array with 3 indices.
The maximum value of D = 4N , and the minimum is
D = 1, which corresponds to a unitary transformation.
Similar to the unitary evolution, if the initial quantum
state % is prescribed in terms of the outcome statistics
of an IC-POVM P , we can track its evolution under a
CPTP-map directly in its probabilistic representation:
PE (a′′) =
D∑
α
Tr
[
K(α)%K(α)†M (a
′′)
]
=
∑
a′
Oa′′a′P (a
′)
(A2)
where
Oa′′a′ =
∑
a,α
Tr
[
K(α)M (a)K(α)†M (a
′′)
]
T−1a,a′ (A3)
is a quasi-stochastic matrix since, as in the unitary case,
the values in each column add up to 1 but its entries can
be positive or negative.7,8,22,23
If a quantum channel acts nontrivially on only k qubits,
it implies that the quasi-stochastic matrix Oa′′a′ acts
also only on k qubits. The relation between the quasi-
stochastic gates and the local quantum channel in Eq.A3
is graphically depicted in Fig.A1 using tensor diagrams.
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FIG. A1. Tensor network representation of Oa′′a′ correspond-
ing to a quantum channel that acts on two qubits. The
green tensors represent the Kraus operators, which specify
the quantum channel and are understood as a rank-3 array.
Appendix B: Liouville-Von Neumann Equation in
POVM Formulation
In Eq.2 we have discussed how unitary evolution on a
quantum state in the traditional density matrix formula-
tion translates into the factorized IC-POVM formulation
used in our study. Accordingly, the unitary dynamics
induced by Hamiltonian H acting on the system during
an infinitesimal time ∆t, i.e., U(t) = e−i∆tH, implies an
equation of motion for the measurement statistics
i
∂P (a′′, t)
∂t
=
∑
a,a′
Tr
([
H,M (a)
]
M (a
′′)
)
T−1a,a′P (a
′, t) .
(B1)
This is equivalent to the Liouville-Von Neumann equa-
tion i∂ρ∂t = [H, ρ].
A solution to Eqs.(B1) for a time-independet Hamil-
tonian is given by P (t) = e−iAtP (0), where the matrix
elements Aa′′a′ =
∑
a T
−1
a,a′
[
Tr
([H,M (a)]M (a′′))].
Appendix C: Linblad Equation in POVM
Formulation
Applicable to open quantum systems, an infinitesimal
Markovian but non-unitary evolution leads to the equiv-
alent of the Linblad equation
i
∂P (a, t)
∂t
=
∑
a
Aa′′,a′P (a, t) , (C1)
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where the matrix elements are augmented to
Aa′′a′ =
∑
a
T−1a,a′
(
Tr
([
H,M (a)
]
M (a
′′)
)
+
∑
k
[
− i
2
Tr
(
{L†kLk,M (a)}M (a
′′)
)
+ iTr
(
LkM
(a)L†kM
(a′′)
)])
(C2)
Here, the operators Lk are called Lindblad operators
or quantum jump operators. Like the Liouville-Von
Neumann equation, Eq.(C2) has a solution for a time-
independet Hamiltonians given by P (t) = e−iAtP (0).
Appendix D: Measurements
Although the probabilistic representation of the quan-
tum state in Eq.1 already provides the measurement
statistics of the factorized POVM M (a), the statistics
of other POVMs Π(b), e.g. a POVM describing standard
measurements in the computational basis and other ex-
perimentally relevant operators, are related to M (a) via
the Born rule:
PΠ(b) =
∑
a,a′
P (a′)T−1a,a′ Tr
[
M (a)Π(b)
]
=
∑
a′
q(b|a′)P (a′)
where q(b|a′) = ∑a T−1a,a′ Tr [M (a)Π(b)] can be char-
acterized as a quasi-conditional probability distribution
since its entries can either be positive or negative but its
trace over b is the identity 1 a′ . Due to its evocative re-
semblance with the law of total probability, the relation
between measurement statistics P (b) and P (a) is often
called the quantum law of total probability in quantum
Bayesianism.42
Appendix E: Qplex and positivity of quantum states
The traditional quantum theory can be viewed as
a noncommutative generalization of probability theory
where quantum states are specified by Hermitian, posi-
tive semi-definite trace one matrices. However, quantum
states can also be specified through probability distribu-
tions corresponding to the statistics of the outcome of an
informationally complete physical measurement. From
this viewpoint, quantum theory is not necessarily a gener-
alization of probability theory; instead, it can be seen as
augmenting probability theory with further rules for dy-
namics and measurements on quantum systems.35 When
we represent the probabilities of a IC-POVM as points in
the corresponding probability simplex ∆4N , these proba-
bilities are not arbitrary, since not any point of the sim-
plex ∆ can represent a quantum state, only a subset of
the simplex. For a symmetric IC-POVM,43 this subset is
referred to as the Qplex.35 Even though the IC-POVM
used in our work is not symmetric, we will still refer to
the subset of distributions with a corresponding quantum
state in Eq.1 as a Qplex. The space of all possible states
of a given quantum system and the corresponding Qplex
are schematically represented in Fig.A2(a)-(b).
A small quantum computation in also depicted
schematically in Fig.A2(a) and (b). This computation
starts with a simple pure product state %0 followed by
the application of three unitary matrices which take the
state from %0 to %3. These computations occur at the
boundary separating valid quantum states from other
operators; such boundary includes all the pure states.
Correspondingly, since the relation between the space of
quantum states and the Qplex is linear (i.e. the Born
rule), quantum computations in the probabilistic lan-
guage take place at the edges of the Qplex, as illustrated
in Fig.A2(b).
While these observations do not have any major con-
ceptual implication for the physical realization of quan-
tum computations, this geometric interpretation can help
us clarify some aspects we observe in the results from our
simulation strategy. The most important aspect is the
fact that the probabilistic model in our study, in general,
lives in an standard simplex ∆mN and is not constrained
to the subset of valid “quantum” distributions. Even
though the update rule in Eq.2 should produce distribu-
tions that live on the Qplex, since we use an approximate
update, it is possible that the model may temporarily
leave the Qplex. This is observed in Fig.4(d) and (h)
where we observe values of quantum fidelity higher than
1, which means that during the training process, the
ransformer induces matrices in Eq.1 that are not valid
quantum states. Note that the fidelity in Fig.4(d) and
(h) eventually converges and stays at values very close
to one and that the oscillations above 1 disappear, sug-
gesting that the state is getting closer and closer to the
target, valid quantum state.
Appendix F: Variational Circuit for TFIM
We use the variational circuit depicted in Fig.A3
for the 6-qubit TFIM preparation.34 The parameters
for gamma and beta are taken alternatively from the
following sequence describing a circuit with 4 layers,
(0.2496, 0.6845, 0.4808, 0.6559, 0.5260, 0.6048, 0.4503, 0.3180).
Note that in our simulations, we do not directly trans-
form the original gates into quasi-stochastic gates. To
save computational resources, we combine the quantum
gates encircled in rounded blue squares, after which we
transform them into quasi-stochastic matrices.
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<latexit sha1_base64="w5 lwZ/giQViOIqFzs6dU6cNUVrk=">AAAB8HicbVDLSgNBEOyN rxhfUY9eBoPgKeyKEI9BLx4jmIckS5idzCZD5rHMzAbCkq/w 4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9w t7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh 8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq+/1yxa/6C6 B1EuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6azUSw1NMB njIe06KrGgJswWB8/QhVMGKFbalbRoof6eyLAwZioi1ymwHZ lVby7+53VTG9+EGZNJaqkky0VxypFVaP49GjBNieVTRzDRz N2KyAhrTKzLqORCCFZfXietq2rgV4OH60r9No+jCGdwDpcQQ A3qcA8NaAIBAc/wCm+e9l68d+9j2Vrw8plT+APv8wewVpBR< /latexit><latexit sha1_base64="w5 lwZ/giQViOIqFzs6dU6cNUVrk=">AAAB8HicbVDLSgNBEOyN rxhfUY9eBoPgKeyKEI9BLx4jmIckS5idzCZD5rHMzAbCkq/w 4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9w t7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh 8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq+/1yxa/6C6 B1EuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6azUSw1NMB njIe06KrGgJswWB8/QhVMGKFbalbRoof6eyLAwZioi1ymwHZ lVby7+53VTG9+EGZNJaqkky0VxypFVaP49GjBNieVTRzDRz N2KyAhrTKzLqORCCFZfXietq2rgV4OH60r9No+jCGdwDpcQQ A3qcA8NaAIBAc/wCm+e9l68d+9j2Vrw8plT+APv8wewVpBR< /latexit><latexit sha1_base64="w5 lwZ/giQViOIqFzs6dU6cNUVrk=">AAAB8HicbVDLSgNBEOyN rxhfUY9eBoPgKeyKEI9BLx4jmIckS5idzCZD5rHMzAbCkq/w 4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9w t7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh 8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq+/1yxa/6C6 B1EuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6azUSw1NMB njIe06KrGgJswWB8/QhVMGKFbalbRoof6eyLAwZioi1ymwHZ lVby7+53VTG9+EGZNJaqkky0VxypFVaP49GjBNieVTRzDRz N2KyAhrTKzLqORCCFZfXietq2rgV4OH60r9No+jCGdwDpcQQ A3qcA8NaAIBAc/wCm+e9l68d+9j2Vrw8plT+APv8wewVpBR< /latexit><latexit sha1_base64="w5 lwZ/giQViOIqFzs6dU6cNUVrk=">AAAB8HicbVDLSgNBEOyN rxhfUY9eBoPgKeyKEI9BLx4jmIckS5idzCZD5rHMzAbCkq/w 4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9w t7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh 8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq+/1yxa/6C6 B1EuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6azUSw1NMB njIe06KrGgJswWB8/QhVMGKFbalbRoof6eyLAwZioi1ymwHZ lVby7+53VTG9+EGZNJaqkky0VxypFVaP49GjBNieVTRzDRz N2KyAhrTKzLqORCCFZfXietq2rgV4OH60r9No+jCGdwDpcQQ A3qcA8NaAIBAc/wCm+e9l68d+9j2Vrw8plT+APv8wewVpBR< /latexit>
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<latexit sha1_base64="VA lo5vbzPFafbUGO3fbfEUuC67E=">AAAB8HicbVDLSgNBEOyN rxhfUY9eBoPgKeyKEI9BLx4jmIckS5idzCZD5rHMzAbCkq/w 4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9w t7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh 8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65HqB/1yxa/6C6 B1EuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6azUSw1NMB njIe06KrGgJswWB8/QhVMGKFbalbRoof6eyLAwZioi1ymwHZ lVby7+53VTG9+EGZNJaqkky0VxypFVaP49GjBNieVTRzDRz N2KyAhrTKzLqORCCFZfXietq2rgV4OH60r9No+jCGdwDpcQQ A3qcA8NaAIBAc/wCm+e9l68d+9j2Vrw8plT+APv8wex2pBS< /latexit><latexit sha1_base64="VA lo5vbzPFafbUGO3fbfEUuC67E=">AAAB8HicbVDLSgNBEOyN rxhfUY9eBoPgKeyKEI9BLx4jmIckS5idzCZD5rHMzAbCkq/w 4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9w t7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh 8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65HqB/1yxa/6C6 B1EuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6azUSw1NMB njIe06KrGgJswWB8/QhVMGKFbalbRoof6eyLAwZioi1ymwHZ lVby7+53VTG9+EGZNJaqkky0VxypFVaP49GjBNieVTRzDRz N2KyAhrTKzLqORCCFZfXietq2rgV4OH60r9No+jCGdwDpcQQ A3qcA8NaAIBAc/wCm+e9l68d+9j2Vrw8plT+APv8wex2pBS< /latexit><latexit sha1_base64="VA lo5vbzPFafbUGO3fbfEUuC67E=">AAAB8HicbVDLSgNBEOyN rxhfUY9eBoPgKeyKEI9BLx4jmIckS5idzCZD5rHMzAbCkq/w 4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9w t7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh 8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65HqB/1yxa/6C6 B1EuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6azUSw1NMB njIe06KrGgJswWB8/QhVMGKFbalbRoof6eyLAwZioi1ymwHZ lVby7+53VTG9+EGZNJaqkky0VxypFVaP49GjBNieVTRzDRz N2KyAhrTKzLqORCCFZfXietq2rgV4OH60r9No+jCGdwDpcQQ A3qcA8NaAIBAc/wCm+e9l68d+9j2Vrw8plT+APv8wex2pBS< /latexit><latexit sha1_base64="VA lo5vbzPFafbUGO3fbfEUuC67E=">AAAB8HicbVDLSgNBEOyN rxhfUY9eBoPgKeyKEI9BLx4jmIckS5idzCZD5rHMzAbCkq/w 4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9w t7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh 8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65HqB/1yxa/6C6 B1EuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6azUSw1NMB njIe06KrGgJswWB8/QhVMGKFbalbRoof6eyLAwZioi1ymwHZ lVby7+53VTG9+EGZNJaqkky0VxypFVaP49GjBNieVTRzDRz N2KyAhrTKzLqORCCFZfXietq2rgV4OH60r9No+jCGdwDpcQQ A3qcA8NaAIBAc/wCm+e9l68d+9j2Vrw8plT+APv8wex2pBS< /latexit>
%2
<latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit><latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit><latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit><latexit sha1_base64="hP +6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFI Xv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2h DH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+ gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLF fbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVx DC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgU PNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2 MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblY kJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBL ghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Y0 8MLbaJc84lxNmGplpoSYfQFmQ=">AAAB5XicbZBLSwMxFI Xv1FetVatbN8EiuCoz3ehScOOygn1IO5Q7aaYNzWNIMoVS +ivcuFDEv+TOf2P6WGjrgcDHOQm59ySZ4NaF4XdQ2Nnd2z8 oHpaOyscnp5Wzcsvq3FDWpFpo00nQMsEVazruBOtkhqFMB Gsn4/tF3p4wY7lWT26asVjiUPGUU3Teeu5N0JiR7tf7lWp YC5ci2xCtoQprNfqVr95A01wy5ahAa7tRmLl4hsZxKti81M sty5COcci6HhVKZuPZcuA5ufLOgKTa+KMcWbq/X8xQWjuV ib8p0Y3sZrYw/8u6uUtv4xlXWe6YoquP0lwQp8liezLghl Enph6QGu5nJXSEBqnzHZV8CdHmytvQqteisBY9hlCEC7iEa 4jgBu7gARrQBAoSXuAN3gMTvAYfq7oKwbq3c/ij4PMHe2u O+A==</latexit><latexit sha1_base64="Y0 8MLbaJc84lxNmGplpoSYfQFmQ=">AAAB5XicbZBLSwMxFI Xv1FetVatbN8EiuCoz3ehScOOygn1IO5Q7aaYNzWNIMoVS +ivcuFDEv+TOf2P6WGjrgcDHOQm59ySZ4NaF4XdQ2Nnd2z8 oHpaOyscnp5Wzcsvq3FDWpFpo00nQMsEVazruBOtkhqFMB Gsn4/tF3p4wY7lWT26asVjiUPGUU3Teeu5N0JiR7tf7lWp YC5ci2xCtoQprNfqVr95A01wy5ahAa7tRmLl4hsZxKti81M sty5COcci6HhVKZuPZcuA5ufLOgKTa+KMcWbq/X8xQWjuV ib8p0Y3sZrYw/8u6uUtv4xlXWe6YoquP0lwQp8liezLghl Enph6QGu5nJXSEBqnzHZV8CdHmytvQqteisBY9hlCEC7iEa 4jgBu7gARrQBAoSXuAN3gMTvAYfq7oKwbq3c/ij4PMHe2u O+A==</latexit><latexit sha1_base64="tk Gj1J70SKQ+a+U2DtV81T4Kx8Q=">AAAB8HicbVDLTgJBEO zFF+IL9ehlIjHxRHa5yJHoxSMm8jCwIbPDLEyYx2ZmloRs +AovHjTGq5/jzb9xgD0oWEknlarudHdFCWfG+v63V9ja3tn dK+6XDg6Pjk/Kp2dto1JNaIsornQ3woZyJmnLMstpN9EUi 4jTTjS5W/idKdWGKfloZwkNBR5JFjOCrZOe+lOs9VgNaoN yxa/6S6BNEuSkAjmag/JXf6hIKqi0hGNjeoGf2DDD2jLC6b zUTw1NMJngEe05KrGgJsyWB8/RlVOGKFbalbRoqf6eyLAw ZiYi1ymwHZt1byH+5/VSG9fDjMkktVSS1aI45cgqtPgeDZ mmxPKZI5ho5m5FZIw1JtZlVHIhBOsvb5J2rRr41eDBrzRu8 ziKcAGXcA0B3EAD7qEJLSAg4Ble4c3T3ov37n2sWgtePnM Of+B9/gCyHpBP</latexit><latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit><latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit><latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit><latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit><latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit><latexit sha1_base64="lX hNrkokUBFZjBxnXa5SqoBxgCM=">AAAB8HicbVDLSgNBEO yNrxhfUY9eBoPgKewGQY9BLx4jmIckS5idzCZD5rHMzAbC kq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW 9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpF hGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZY65Hq1/r lil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01 mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFh zFRErlNgOzKr3lz8z+umNr4JMyaT1FJJlovilCOr0Px7NG CaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5atWrgV4OHq0r9N o+jCGdwDpcQwDXU4R4a0AQCAp7hFd487b14797HsrXg5TO n8Afe5w+zXpBT</latexit>
%3
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<latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJ uxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr +6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJ uxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr +6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJ uxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr +6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJ uxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr +6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit>
Qplex
P 0
<latexit sha1_base64="bS+vSfcpYtA0nIofEPQZ1eLSL6k=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzEUvI r7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RceacIcrcI7KbbcudwVolXkSZU6AT21ygSOEsI15ghpYaem2o/R1JTzEhRH2WKpAhP0ZgMDeUoIcrP59kL58wokRMLaQ 7Xzlz9vZGjRJXxzGSC9EQte6X4nzfMdHzt55SnmSYcLx6KM+Zo4ZRFOBGVBGs2MwRhSU1WB0+QRFibuuqmBG/5y6ukd9Hy3JZ3f9ls31R11OAETuEcPLiCNtxBB7qA4Qme4RXerMJ6sd6tj8XomlXtHMMfWJ8/jRKUwQ==</latexit><latexit sha1_base64="bS+vSfcpYtA0nIofEPQZ1eLSL6k=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzEUvI r7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RceacIcrcI7KbbcudwVolXkSZU6AT21ygSOEsI15ghpYaem2o/R1JTzEhRH2WKpAhP0ZgMDeUoIcrP59kL58wokRMLaQ 7Xzlz9vZGjRJXxzGSC9EQte6X4nzfMdHzt55SnmSYcLx6KM+Zo4ZRFOBGVBGs2MwRhSU1WB0+QRFibuuqmBG/5y6ukd9Hy3JZ3f9ls31R11OAETuEcPLiCNtxBB7qA4Qme4RXerMJ6sd6tj8XomlXtHMMfWJ8/jRKUwQ==</latexit><latexit sha1_base64="bS+vSfcpYtA0nIofEPQZ1eLSL6k=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzEUvI r7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RceacIcrcI7KbbcudwVolXkSZU6AT21ygSOEsI15ghpYaem2o/R1JTzEhRH2WKpAhP0ZgMDeUoIcrP59kL58wokRMLaQ 7Xzlz9vZGjRJXxzGSC9EQte6X4nzfMdHzt55SnmSYcLx6KM+Zo4ZRFOBGVBGs2MwRhSU1WB0+QRFibuuqmBG/5y6ukd9Hy3JZ3f9ls31R11OAETuEcPLiCNtxBB7qA4Qme4RXerMJ6sd6tj8XomlXtHMMfWJ8/jRKUwQ==</latexit><latexit sha1_base64="bS+vSfcpYtA0nIofEPQZ1eLSL6k=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzEUvI r7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RceacIcrcI7KbbcudwVolXkSZU6AT21ygSOEsI15ghpYaem2o/R1JTzEhRH2WKpAhP0ZgMDeUoIcrP59kL58wokRMLaQ 7Xzlz9vZGjRJXxzGSC9EQte6X4nzfMdHzt55SnmSYcLx6KM+Zo4ZRFOBGVBGs2MwRhSU1WB0+QRFibuuqmBG/5y6ukd9Hy3JZ3f9ls31R11OAETuEcPLiCNtxBB7qA4Qme4RXerMJ6sd6tj8XomlXtHMMfWJ8/jRKUwQ==</latexit>
P 1
<latexit sha1_base64="rJKZ4sEg1sYKIByZnS6L0/aAnuE=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzE UvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RceacIcq8I7KbbcudwVolXkSZU6AT21ygSOEsI15ghpYaem2o/R1JTzEhRH2WKpAhP0ZgMDeUoIcrP59kL58w okRMLaQ7Xzlz9vZGjRJXxzGSC9EQte6X4nzfMdHzt55SnmSYcLx6KM+Zo4ZRFOBGVBGs2MwRhSU1WB0+QRFibuuqmBG/5y6ukd9Hy3JZ3f9ls31R11OAETuEcPLiCNtxBB7qA4Qme4RXerMJ6sd6tj8XomlXtHMMfWJ8/jpeUwg==</latexit><latexit sha1_base64="rJKZ4sEg1sYKIByZnS6L0/aAnuE=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzE UvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RceacIcq8I7KbbcudwVolXkSZU6AT21ygSOEsI15ghpYaem2o/R1JTzEhRH2WKpAhP0ZgMDeUoIcrP59kL58w okRMLaQ7Xzlz9vZGjRJXxzGSC9EQte6X4nzfMdHzt55SnmSYcLx6KM+Zo4ZRFOBGVBGs2MwRhSU1WB0+QRFibuuqmBG/5y6ukd9Hy3JZ3f9ls31R11OAETuEcPLiCNtxBB7qA4Qme4RXerMJ6sd6tj8XomlXtHMMfWJ8/jpeUwg==</latexit><latexit sha1_base64="rJKZ4sEg1sYKIByZnS6L0/aAnuE=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzE UvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RceacIcq8I7KbbcudwVolXkSZU6AT21ygSOEsI15ghpYaem2o/R1JTzEhRH2WKpAhP0ZgMDeUoIcrP59kL58w okRMLaQ7Xzlz9vZGjRJXxzGSC9EQte6X4nzfMdHzt55SnmSYcLx6KM+Zo4ZRFOBGVBGs2MwRhSU1WB0+QRFibuuqmBG/5y6ukd9Hy3JZ3f9ls31R11OAETuEcPLiCNtxBB7qA4Qme4RXerMJ6sd6tj8XomlXtHMMfWJ8/jpeUwg==</latexit><latexit sha1_base64="rJKZ4sEg1sYKIByZnS6L0/aAnuE=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzE UvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RceacIcq8I7KbbcudwVolXkSZU6AT21ygSOEsI15ghpYaem2o/R1JTzEhRH2WKpAhP0ZgMDeUoIcrP59kL58w okRMLaQ7Xzlz9vZGjRJXxzGSC9EQte6X4nzfMdHzt55SnmSYcLx6KM+Zo4ZRFOBGVBGs2MwRhSU1WB0+QRFibuuqmBG/5y6ukd9Hy3JZ3f9ls31R11OAETuEcPLiCNtxBB7qA4Qme4RXerMJ6sd6tj8XomlXtHMMfWJ8/jpeUwg==</latexit>
P 2
<latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMy R2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstj dzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="F7JdOWZ9eI+7gf2qKQgm0lxiJvo=">AAAB8HicbVC9TsMwGPxS/kopELqyWFRITFXSBUYkFsYi0R+pjSLHcVqrjh3ZD qKK8iosDCDE07DxNjhtB2g56ZNPd7Z830UZZ9p43rdT29nd2z+oHzaOmscnp+5Zc6BlrgjtE8mlGkVYU84E7RtmOB1liuI04nQYze8qf/hElWZSPJpFRoMUTwVLGMHGSqHbmkSSx3qR2qPolWHRLUO37XW8JdA28dekDWv0QvdrEkuSp1QYwrHWY9/LTFBgZRjhtGxMck0zTOZ4SseWCpxSHRTL7CW6tEq MEqnsCIOW6u8XBU51Fc/eTLGZ6U2vEv/zxrlJboKCiSw3VJDVR0nOkZGoKgLFTFFi+MISTBSzWRGZYYWJsXU1bAn+5srbZNDt+F7Hf/CgDudwAVfgwzXcwj30oA8EnuEF3uDdKZ1X52NVV81Z99aCP3A+fwApU5Nd</latexit><latexit sha1_base64="F7JdOWZ9eI+7gf2qKQgm0lxiJvo=">AAAB8HicbVC9TsMwGPxS/kopELqyWFRITFXSBUYkFsYi0R+pjSLHcVqrjh3ZD qKK8iosDCDE07DxNjhtB2g56ZNPd7Z830UZZ9p43rdT29nd2z+oHzaOmscnp+5Zc6BlrgjtE8mlGkVYU84E7RtmOB1liuI04nQYze8qf/hElWZSPJpFRoMUTwVLGMHGSqHbmkSSx3qR2qPolWHRLUO37XW8JdA28dekDWv0QvdrEkuSp1QYwrHWY9/LTFBgZRjhtGxMck0zTOZ4SseWCpxSHRTL7CW6tEq MEqnsCIOW6u8XBU51Fc/eTLGZ6U2vEv/zxrlJboKCiSw3VJDVR0nOkZGoKgLFTFFi+MISTBSzWRGZYYWJsXU1bAn+5srbZNDt+F7Hf/CgDudwAVfgwzXcwj30oA8EnuEF3uDdKZ1X52NVV81Z99aCP3A+fwApU5Nd</latexit><latexit sha1_base64="kDxvsMRhznb2GJfAS8ZKbMv9gew=">AAAB+3icbVC7TsMwFL3hWcorlJElokJiqpIuMFawMBaJPqQ2ihzHaa06dmQ7i CrKr7AwgBArP8LG3+C0GaDlSJaPzrlXPj5hyqjSrvttbWxube/s1vbq+weHR8f2SaOvRCYx6WHBhByGSBFGOelpqhkZppKgJGRkEM5uS3/wSKSigj/oeUr8BE04jSlG2kiB3RiHgkVqnpgr7xZB3i4Cu+m23AWcdeJVpAkVuoH9NY4EzhLCNWZIqZHnptrPkdQUM1LUx5kiKcIzNCEjQzlKiPLzRfbCuTB K5MRCmsO1s1B/b+QoUWU8M5kgPVWrXin+540yHV/7OeVppgnHy4fijDlaOGURTkQlwZrNDUFYUpPVwVMkEdamrropwVv98jrpt1ue2/Lu3WbnpqqjBmdwDpfgwRV04A660AMMT/AMr/BmFdaL9W59LEc3rGrnFP7A+vwBjtyUvw==</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit><latexit sha1_base64="K8JcalAc12rnF7AHs/QPmfOy9rU=">AAAB+3icbVDLSsNAFL2pr1pftS7dBIvgqiRF0GXRjcsK9gFtCJPJpB06mQkzE 7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc6cIGFUacf5tiobm1vbO9Xd2t7+weFR/bjRVyKVmPSwYEIOA6QIo5z0NNWMDBNJUBwwMghmt4U/eCRSUcEf9DwhXowmnEYUI20kv94YB4KFah6bK+vmftbO/XrTaTkL2OvELUkTSnT9+tc4FDiNCdeYIaVGrpNoL0NSU8xIXhuniiQIz9CEjAzlKCbKyxbZc/v cKKEdCWkO1/ZC/b2RoVgV8cxkjPRUrXqF+J83SnV07WWUJ6kmHC8filJma2EXRdghlQRrNjcEYUlNVhtPkURYm7pqpgR39cvrpN9uuU7Lvb9sdm7KOqpwCmdwAS5cQQfuoAs9wPAEz/AKb1ZuvVjv1sdytGKVOyfwB9bnD5AclMM=</latexit>
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FIG. A2. Geometry of quantum states. (a) Schematic rep-
resentation of the subset of density matrices (blue sphere).
For one qubit, this set corresponds to the Bloch sphere. (b)
Schematic representation of the probability simplex ∆mN ,
which represents the set of all possible categorical probability
distributions with mN outcomes. A subset of these distri-
butions termed Qplex (blue oval) is isomorphic to the usual
space of quantum states in (a).
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ZZ,  1
<latexit sha1_base64="Y4opmCoW+X CUYQn9ur9/VUkETxI=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REBD0WvXi sYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e 0tr6xuVXeruzs7u0fVA+P2jpOFaEtEvNYdUPQlDNJW4YZTruJoiBCTjvh5C73O0 9UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmq aDSEA5a9z03MUEGyjDC6azip5omQCYwon1LJQiqg2x+8wyfWWWIo1jZkgbP1d8T GQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWT MSggxsaUh+Atv7xK2pd1z617D1e1xm0RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6 c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+X CUYQn9ur9/VUkETxI=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REBD0WvXi sYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e 0tr6xuVXeruzs7u0fVA+P2jpOFaEtEvNYdUPQlDNJW4YZTruJoiBCTjvh5C73O0 9UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmq aDSEA5a9z03MUEGyjDC6azip5omQCYwon1LJQiqg2x+8wyfWWWIo1jZkgbP1d8T GQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWT MSggxsaUh+Atv7xK2pd1z617D1e1xm0RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6 c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+X CUYQn9ur9/VUkETxI=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REBD0WvXi sYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e 0tr6xuVXeruzs7u0fVA+P2jpOFaEtEvNYdUPQlDNJW4YZTruJoiBCTjvh5C73O0 9UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmq aDSEA5a9z03MUEGyjDC6azip5omQCYwon1LJQiqg2x+8wyfWWWIo1jZkgbP1d8T GQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWT MSggxsaUh+Atv7xK2pd1z617D1e1xm0RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6 c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+X CUYQn9ur9/VUkETxI=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REBD0WvXi sYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e 0tr6xuVXeruzs7u0fVA+P2jpOFaEtEvNYdUPQlDNJW4YZTruJoiBCTjvh5C73O0 9UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmq aDSEA5a9z03MUEGyjDC6azip5omQCYwon1LJQiqg2x+8wyfWWWIo1jZkgbP1d8T GQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWT MSggxsaUh+Atv7xK2pd1z617D1e1xm0RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6 c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit>
ZZ,  1
<latexit sha1_base64="Y4opmCoW+XCUYQn9ur9/VUkETxI=">AAAB83icbVBN S8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEv NYdUPQlDNJW4YZTruJoiBCTjvh5C73O09UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmqaDSEA5a9z03MUEGyjDC6azip5omQCYwo n1LJQiqg2x+8wyfWWWIo1jZkgbP1d8TGQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWTMSggxsaUh+Atv7xK2pd1z617D1e1xm0 RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+XCUYQn9ur9/VUkETxI=">AAAB83icbVBN S8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEv NYdUPQlDNJW4YZTruJoiBCTjvh5C73O09UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmqaDSEA5a9z03MUEGyjDC6azip5omQCYwo n1LJQiqg2x+8wyfWWWIo1jZkgbP1d8TGQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWTMSggxsaUh+Atv7xK2pd1z617D1e1xm0 RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+XCUYQn9ur9/VUkETxI=">AAAB83icbVBN S8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEv NYdUPQlDNJW4YZTruJoiBCTjvh5C73O09UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmqaDSEA5a9z03MUEGyjDC6azip5omQCYwo n1LJQiqg2x+8wyfWWWIo1jZkgbP1d8TGQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWTMSggxsaUh+Atv7xK2pd1z617D1e1xm0 RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+XCUYQn9ur9/VUkETxI=">AAAB83icbVBN S8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEv NYdUPQlDNJW4YZTruJoiBCTjvh5C73O09UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmqaDSEA5a9z03MUEGyjDC6azip5omQCYwo n1LJQiqg2x+8wyfWWWIo1jZkgbP1d8TGQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWTMSggxsaUh+Atv7xK2pd1z617D1e1xm0 RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit>
ZZ,  1
<latexit sha1_base64="Y4opmCoW+XCUYQn9ur9/VUkETxI=">AAAB83icbVBN S8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEv NYdUPQlDNJW4YZTruJoiBCTjvh5C73O09UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmqaDSEA5a9z03MUEGyjDC6azip5omQCYwo n1LJQiqg2x+8wyfWWWIo1jZkgbP1d8TGQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWTMSggxsaUh+Atv7xK2pd1z617D1e1xm0 RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+XCUYQn9ur9/VUkETxI=">AAAB83icbVBN S8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEv NYdUPQlDNJW4YZTruJoiBCTjvh5C73O09UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmqaDSEA5a9z03MUEGyjDC6azip5omQCYwo n1LJQiqg2x+8wyfWWWIo1jZkgbP1d8TGQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWTMSggxsaUh+Atv7xK2pd1z617D1e1xm0 RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+XCUYQn9ur9/VUkETxI=">AAAB83icbVBN S8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEv NYdUPQlDNJW4YZTruJoiBCTjvh5C73O09UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmqaDSEA5a9z03MUEGyjDC6azip5omQCYwo n1LJQiqg2x+8wyfWWWIo1jZkgbP1d8TGQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWTMSggxsaUh+Atv7xK2pd1z617D1e1xm0 RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit><latexit sha1_base64="Y4opmCoW+XCUYQn9ur9/VUkETxI=">AAAB83icbVBN S8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYD9oE8pku2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEv NYdUPQlDNJW4YZTruJoiBCTjvh5C73O09UaRbLRzNNaCBgJFnECBgr+b3ehT8CIWDgVQbVmlt358CrxCtIDRVoDqpf/jAmqaDSEA5a9z03MUEGyjDC6azip5omQCYwo n1LJQiqg2x+8wyfWWWIo1jZkgbP1d8TGQitpyK0nQLMWC97ufif109NdBNkTCapoZIsFkUpxybGeQB4yBQlhk8tAaKYvRWTMSggxsaUh+Atv7xK2pd1z617D1e1xm0 RRxmdoFN0jjx0jRroHjVRCxGUoGf0it6c1Hlx3p2PRWvJKWaO0R84nz+yrJDL</latexit>
X, 1
<latexit sha1_base64="+w 0T51cNwQKojEGJCx0Xw8YDDg8=">AAAB8XicbVBNS8NAEN3 Ur1q/qh69LBbBg5REBD0WvXisYGuxDWWznbRLN5uwOxFK6L/ w4kERr/4bb/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8 qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSH oLxTe4/PIE2Ilb3OEnAj9hQiVBwhlZ67Jz1AkDW9yr9as2tu zPQZeIVpEYKNPvVr94g5mkECrlkxnQ9N0E/YxoFlzCt9FID CeNjNoSupYpFYPxsdvGUnlhlQMNY21JIZ+rviYxFxkyiwHZ GDEdm0cvF/7xuiuGVnwmVpAiKzxeFqaQY0/x9OhAaOMqJJYx rYW+lfMQ042hDykPwFl9eJu3zuufWvbuLWuO6iKNMjsgxOS UeuSQNckuapEU4UeSZvJI3xzgvzrvzMW8tOcXMIfkD5/MHO XqP9A==</latexit><latexit sha1_base64="+w 0T51cNwQKojEGJCx0Xw8YDDg8=">AAAB8XicbVBNS8NAEN3 Ur1q/qh69LBbBg5REBD0WvXisYGuxDWWznbRLN5uwOxFK6L/ w4kERr/4bb/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8 qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSH oLxTe4/PIE2Ilb3OEnAj9hQiVBwhlZ67Jz1AkDW9yr9as2tu zPQZeIVpEYKNPvVr94g5mkECrlkxnQ9N0E/YxoFlzCt9FID CeNjNoSupYpFYPxsdvGUnlhlQMNY21JIZ+rviYxFxkyiwHZ GDEdm0cvF/7xuiuGVnwmVpAiKzxeFqaQY0/x9OhAaOMqJJYx rYW+lfMQ042hDykPwFl9eJu3zuufWvbuLWuO6iKNMjsgxOS UeuSQNckuapEU4UeSZvJI3xzgvzrvzMW8tOcXMIfkD5/MHO XqP9A==</latexit><latexit sha1_base64="+w 0T51cNwQKojEGJCx0Xw8YDDg8=">AAAB8XicbVBNS8NAEN3 Ur1q/qh69LBbBg5REBD0WvXisYGuxDWWznbRLN5uwOxFK6L/ w4kERr/4bb/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8 qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSH oLxTe4/PIE2Ilb3OEnAj9hQiVBwhlZ67Jz1AkDW9yr9as2tu zPQZeIVpEYKNPvVr94g5mkECrlkxnQ9N0E/YxoFlzCt9FID CeNjNoSupYpFYPxsdvGUnlhlQMNY21JIZ+rviYxFxkyiwHZ GDEdm0cvF/7xuiuGVnwmVpAiKzxeFqaQY0/x9OhAaOMqJJYx rYW+lfMQ042hDykPwFl9eJu3zuufWvbuLWuO6iKNMjsgxOS UeuSQNckuapEU4UeSZvJI3xzgvzrvzMW8tOcXMIfkD5/MHO XqP9A==</latexit><latexit sha1_base64="+w 0T51cNwQKojEGJCx0Xw8YDDg8=">AAAB8XicbVBNS8NAEN3 Ur1q/qh69LBbBg5REBD0WvXisYGuxDWWznbRLN5uwOxFK6L/ w4kERr/4bb/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8 qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSH oLxTe4/PIE2Ilb3OEnAj9hQiVBwhlZ67Jz1AkDW9yr9as2tu zPQZeIVpEYKNPvVr94g5mkECrlkxnQ9N0E/YxoFlzCt9FID CeNjNoSupYpFYPxsdvGUnlhlQMNY21JIZ+rviYxFxkyiwHZ GDEdm0cvF/7xuiuGVnwmVpAiKzxeFqaQY0/x9OhAaOMqJJYx rYW+lfMQ042hDykPwFl9eJu3zuufWvbuLWuO6iKNMjsgxOS UeuSQNckuapEU4UeSZvJI3xzgvzrvzMW8tOcXMIfkD5/MHO XqP9A==</latexit>
X, 1
<latexit sha1_base64="+w0T51cNwQKojEGJCx0Xw8YDDg 8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYGuxDWWznbRLN5uwOxFK6L/w4kERr/4bb/4bN20O2vpg4P HeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSHoLxTe4/PIE2Ilb3OEnAj9hQi VBwhlZ67Jz1AkDW9yr9as2tuzPQZeIVpEYKNPvVr94g5mkECrlkxnQ9N0E/YxoFlzCt9FIDCeNjNoSupYpFYPxsdvGUnlhl QMNY21JIZ+rviYxFxkyiwHZGDEdm0cvF/7xuiuGVnwmVpAiKzxeFqaQY0/x9OhAaOMqJJYxrYW+lfMQ042hDykPwFl9eJu 3zuufWvbuLWuO6iKNMjsgxOSUeuSQNckuapEU4UeSZvJI3xzgvzrvzMW8tOcXMIfkD5/MHOXqP9A==</latexit><latexit sha1_base64="+w0T51cNwQKojEGJCx0Xw8YDDg 8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYGuxDWWznbRLN5uwOxFK6L/w4kERr/4bb/4bN20O2vpg4P HeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSHoLxTe4/PIE2Ilb3OEnAj9hQi VBwhlZ67Jz1AkDW9yr9as2tuzPQZeIVpEYKNPvVr94g5mkECrlkxnQ9N0E/YxoFlzCt9FIDCeNjNoSupYpFYPxsdvGUnlhl QMNY21JIZ+rviYxFxkyiwHZGDEdm0cvF/7xuiuGVnwmVpAiKzxeFqaQY0/x9OhAaOMqJJYxrYW+lfMQ042hDykPwFl9eJu 3zuufWvbuLWuO6iKNMjsgxOSUeuSQNckuapEU4UeSZvJI3xzgvzrvzMW8tOcXMIfkD5/MHOXqP9A==</latexit><latexit sha1_base64="+w0T51cNwQKojEGJCx0Xw8YDDg 8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYGuxDWWznbRLN5uwOxFK6L/w4kERr/4bb/4bN20O2vpg4P HeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSHoLxTe4/PIE2Ilb3OEnAj9hQi VBwhlZ67Jz1AkDW9yr9as2tuzPQZeIVpEYKNPvVr94g5mkECrlkxnQ9N0E/YxoFlzCt9FIDCeNjNoSupYpFYPxsdvGUnlhl QMNY21JIZ+rviYxFxkyiwHZGDEdm0cvF/7xuiuGVnwmVpAiKzxeFqaQY0/x9OhAaOMqJJYxrYW+lfMQ042hDykPwFl9eJu 3zuufWvbuLWuO6iKNMjsgxOSUeuSQNckuapEU4UeSZvJI3xzgvzrvzMW8tOcXMIfkD5/MHOXqP9A==</latexit><latexit sha1_base64="+w0T51cNwQKojEGJCx0Xw8YDDg 8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBg5REBD0WvXisYGuxDWWznbRLN5uwOxFK6L/w4kERr/4bb/4bN20O2vpg4P HeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSHoLxTe4/PIE2Ilb3OEnAj9hQi VBwhlZ67Jz1AkDW9yr9as2tuzPQZeIVpEYKNPvVr94g5mkECrlkxnQ9N0E/YxoFlzCt9FIDCeNjNoSupYpFYPxsdvGUnlhl QMNY21JIZ+rviYxFxkyiwHZGDEdm0cvF/7xuiuGVnwmVpAiKzxeFqaQY0/x9OhAaOMqJJYxrYW+lfMQ042hDykPwFl9eJu 3zuufWvbuLWuO6iKNMjsgxOSUeuSQNckuapEU4UeSZvJI3xzgvzrvzMW8tOcXMIfkD5/MHOXqP9A==</latexit>
X, 1
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FIG. A3. Variational circuit preparation for TFIM. Only the
first of the 4 layers in our calculation is shown. The gates
encircled in rounded blue squares are combined and subse-
quently transformed into quasi-stochastic gates for the prob-
abilistic simulation of the quantum circuit.
Using this circuit, we have also computed the σzi σ
z
j
correlation of the exact variational circuit in Fig.A3 and
the POVM trained circuit, which are compared in Fig.
A4.
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FIG. A4. Comparison between σzi σ
z
j correlation from exact
quantum circuit state and the gate training state.
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FIG. A5. Correlation between classical fidelity and quantum
fidelity. The darker color corresponds to gate that is applied
later.
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